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Certain biochemical reaction can be modeled by a coupled system of time-
delayed ordinary differential equations and linear parabolic partial differential
equations. In a three-compartment model these equations are coupled through the
boundary conditions. The aim of this paper is to give a qualitive analysis of this
unusual coupled system. The analysis includes the existence and uniqueness of a
global solution, explicit upper and lower bounds of the solution, and global
stability of a steady-state solution. The global stability result is with respect to any
nonnegative initial perturbation and is independent of the time delays in the process
of reaction. Special attention is given to the Goodwin model for biochemical con-
trol of genes by a negative feedback mechanism with time delay and diffusion.
© 1985 Academic Press, Inc.

1. INTRODUCTION

There have been numerous studies of mathematical models of
biochemical systems in recent years. These models are formulated as a
system of nonlinear differential equations and often contain either diffusion
for spatial differences or time delays for certain biochemical processes. In
this paper we study a model of three interacting compartments which
includes a coupled system of differential equations with both time delay
and diffusion. The model is motivated by Goodwin’s model for biochemical
control of genes by a negative feedback mechanism. Goodwin’s model con-
sists of a system of ordinary differential equations, however, he suggested
that delays and spatial effects should be taken into account (cf. [3]). The
first and third compartments are where the biochemical reactions occur.
Each of these compartments is well mixed and has a differential delay
equation governing the reactions of the chemical species. The second com-
partment, connecting the first and third, is nonreacting except for decay of
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the chemical species and accounts for spatial differences between the first
and third compartments. The compartments are interconnected by per-
meable membranes which we assume to obey Fick’s law of diffusion. With
these assumptions the differential equations governing the chemical species,
u;, v; in the ith compartment, i =1, 2, 3, are given by (cf. [4]).

uy+(a, +b)uy=a,uy0, t)+ f(v,(t—r))),

vy +(a, +by) v, =a,v,(0, 1),

(u3), = Dy(uz) o + byuy =0,

(03), = D(vy) o+ by0, =0,

U+ (ay+ b)) us = asuy(l, t),

vy 4 (a3 +by) vy =asvy(l, 1)+ cous(t—ry) (1>0,0<x <),

where u' = du,/dt, (u,), = 0u,/01, etc. In the above equations, g,> 0 are the
membrane permeabilities, b, and ¢, are positive constants corresponding to
the reaction rates, D, > 0 are diffusion coefficients, r;, > 0 are the time delays
and f'is a prescribed function representing the controlled production of u,
by v,. On the interface between compartments 1 and 2, and between com-
partments 2 and 3 the concentrations u,, v; are related by the boundary
condition

— () {0, 1) + (0, 1) = B, (1)
(ua) (L, ) + Bous(L, 1) = faus(1) (12)
= (15) (0, 1) + BF0y(0, 1) = B, (1)
(va) (L, 1) + BFvo(L, 1) = BFos(r)  (1>0).
The initial condition for the system is given by
u(0)=¢,, vi()=n,(1) (—r <1<0),
us(x, 0) = &,5(x), U5(x, 0)=1,{x) (O<x<l), (1.3)
us(t) = &5(2), v3(0) =1, (—r,<t<0).

In the boundary and initial conditions, §,>0, f¥>0, &, 20, 5320,
i=1,2, are constants and &,, &5, u,, 1, are given continuous nonnegative
functions of their respective arguments. The function f(v) in Eq. (1.1) is
assumed to be continuous nonnegative on [0, o). Of special interest in our
model is the function

fov)y=a(1 +kv*)™ !, (1.4)

where o and k are kinetic constants and p > 1 is the order of repression (cf.
[4,9]). A more detailed discussion of the three compartment model for-
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mulation given by Egs. (1.1)-(1.3) can be found in [4]. A novelty of this
system for the mathematical analysis is that the coupling of the various
concentrations is through the boundary conditions.

The purpose of this paper is to give a qualitative analysis of the system
(1.1)-(1.3). As little is known about coupled system of reaction—diffusion
equations with time delays, especially about systems with coupled boun-
dary conditions, our immediate concern is to establish the existence and
uniqueness of a global classical solution. The existence—uniqueness proof is
based on the monotone method for coupled reaction—diffusion systems
through the boundary and the construction of the associated upper—lower
solutions (cf. [5]). This method also leads to a comparison theorem and
explicit upper and lower bounds of the solution. In fact, through suitable
construction of some upper and lower solutions we show that problem
(1.1)-(1.3) has a unique nonnegative solution which is uniformly bounded
on [0, /] x [0, c0). After establishing the existence uniqueness theorem our
next concern is the stability problem of a steady-state solution. The
existence and uniqueness of a positive steady-state solution for the case
J = fo has been established in [4]. It is shown in this paper that for any
function f satisfying

f(v)=0, 0< —f"(v)<bybyjcy forvz0, (L.5)

where f'(v) = df/dv, the corresponding steady-state solution of (1.1)}-(1.3) is
globally asymptotically stable, independent of the time delays. Here the
global asymptotic stability is with respect to nonnegative initial pertur-
bations. This stability result is similar to the ones obtained by Allwright
[1] and Banks and Mabhaffy [2] for the Goodwin repression model with
time delays only.

2. MONOTONE SEQUENCES

In this section we describe an iterative scheme for the construction of a
monotone nondecreasing sequence and a monotone nonincreasing
sequence, both of which converge to a unique solution of the problem
(1.1)-(1.3). The monotone behavior of these sequences is based on the
property of upper and lower solutions which are taken as the initial
iterations. The definition of upper-lower solutions depends on the
monotone property of the reaction function (cf. [5]). Motivated by
Goodwin’s repression model where the reaction function f, has the form
given by (1.4) we assume

(H) f(v)=0and f'(v)<0 forv=0 (2.1)

In (H) note that f(v) is monotone nonincreasing in v.
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Let D= (0, T]1x (0, 1), D=[0, T]x [0, /] and let (u,, v;) represent the
vector (u,, vy, Uy, Uy, U3, U;), where T>0 can be arbitrarily large. Define
the differential operators

Li[u]=ui+(a,+ b)) u,, Ll d=vi+(a+by)vy,
Ly[uy]=(uy),— D (u3) o + by, B0,]1=(02),— Dy(v3) 1 + by0,,
Li[us]=us+ (as +by) us, HLlvs] =05+ (a3 +b,) v,

and the boundary operators

Blu,](0)= —(u,) {0, 1) + B,u5(0, 2),
Blu, () = (u3) (L, 1) + Prus(l. 1),
B[v5100) = —(03) (0, 1) + Bv,(0, 1),
BLo, W)= (03) (4 1) + BFoa(L, 1),

Then we can define the following upper-lower solutions.

DermNITION 2.1. Two vector functions (&, ;) and (y;,v;) are called
upper and lower solutions of (1.1)-(1.3), respectively, if they satisfy the dif-
ferential inequalities

L[] —a,ii(0, 1) — fo (1 —ry))

202> L[y ]1—a,ux(0, 1) — f(B:(r = ry)),
L[5,1-a,5,00,1)20= L [v,]—aw,(0, 1),
Ly[#,]1202 L,[u,],
L[5,1202 %[, ],
Ly[i5] — asiix(l, 1) 2 02> Lalus] — asus(l, 1),
L6551 = asball, 1) — colis(t—15)

202 Lilvs] —asva(l 1) — cous(t —ry), (1, x) € D,

the boundary inequalities

B[, }(0)— B, @,(t) 2 0= B[, 1(0) — Bru,(¢),
BLi1,](1) = B, i13(1) 2 0= BLu, 1(1) — Bous(1),
BL5,1(0)— B1o,(1) 20> #[v,1(0) — B, (1),
BLT,](1)— B30:(1) 202 B[y, 1(1)— B3vs(r)  (1€(0, T (23)
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and the initial inequalities

10)2¢ =u(0), 5, (1) 2 m(1) Zv.(1) (re[—ry, 0]),
w(x,0)2 4(x) 2 us(x, 0), By(x, 0) 2 75(x) 2 02(x, 0)  (xe(0,1)), (24)
a3(1) 2 S3(1) 2 ual), 03(0)=2n;  2p:,(0)  (re[—ry, 0]).

In the above definition the functions (#,, §;) and (u,, v;) are required to
be continuous in their respective domains and be once continuously dif-
ferentiable in ¢ and twice continuously differentiable in x for (¢, x)e D+. In
view of this definition every classical solution is an upper solution as well
as a lower solution. As f(v) is monotone nonincreasing in v the upper and
lower solutions in (2.2) are related. The first inequality for an upper
solution uses the function v,, and the second inequality for a lower solution
uses the function 7,.

Suppose upper and lower solutions (#;, 7,), (u;, v;) exist and (i, 7,) >

(4:,v,)2(0,0). Then by starting from the initial iterations (&(®, (@)=
(1;, 5;) and (&', 21°)) = (u;, v;} we can construct two sequences {#!™), 7\™},
ful™, v} successively from the respective iteration processes:

Li[ay Y =a,as"= "0, o)+ fluy" =t ~ry)),
L) =a, 05"~ (0, 1),
Lz[u(m)] 09

(2.5)
L] =0,
Li[a{ ] = asad" = V(1 1),
AL = ayof" L 1)+ e, i (1)
and
Li[u™]=a,ud"= (0, 1)+ f(5{"~ Dt —r)),
"?l[v(m)] - al ,(2 B 1)(09 t)>
Ly[ut™]=0,
(2.6)
L[] =0,

Li[ul™] = asul" = V(1 1),

Loy 1= a0l (1 1)+ coud Dt —ry).

The boundary and initial conditions for both sequences are given in the
form
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Blug™](0)=Byui™~1e),  BLud™ (1) = Bouf™ (1),

(2.7)
BLoy"1(0)=BFoi™ V1),  BLoy™ 1) = BFoi™ V(1)
u™0)=¢,, vi"()=n,(t) (te[—r, 0],
uy(x, 0)=E(x),  o¥(x, 0)=n,(x) (xe(0,1)), (2.8)
u§™\(t) = &5(1), v§"(0) =15 (te[—ry, 0])

It is clear that the sequences {a!™), '™}, {u!™), '™} are well defined and
can be determined by solving a linear scalar initial-value or initial boun-
dary-value problem. To determine (&™), 3\™) or (&™), pi™), it is necessary
to calculate both (@™~ ", g"~Y) and (u\™~V,p!™- V) since the first
equation in (2.5) uses v{™~ ! while the equation in (2.6) uses ("~ "). Our
main concern is to determine whether these two sequences converge and
whether their limits are solutions of (1.1)-(1.3). In the remainder of this
section we establish the convergence property of the sequences. This is con-
tained in

LEMMA 2.1. Let (&,,0,), (4;,v;) be upper and lower solutions with
(a4,,0,) 2 (u;, v;)=(0,0) and let hypothesis (H) hold. Then the sequence
{al™ 6"} is monotone nonincreasing and {u!™), v\"™} is monotone non-
decreasing. Moreover

< (ag,,, — 1)’ ﬁf_m — 1))’ m= 1, 2, (29)

Proof. Let w,=a®—a" = &-a", z=0"-a" = -0,
i=1,2,3. Then by (2.2), (2.4, (2.5), and (2.8), (w,, z,) satisfies the relation

Li[w]=L[&]="La,a0, 1)+ [t —r))] =0,
wi(0)=a,(0)—¢, =0,

Llz]=A01—a,05(0,1) 20,
() =0,(t)—m ()20 (te[—r,0])

The above relation implies that (w,,z,)>(0,0) on [0, T]. Similarly,
(w3, z4) satisfies

Ly[w;]1=L;[i;] —a;u®(l, 1) 20,
wi(t) =i5(1) —&5(1) =20 (te[—ry, 0]),
Dlzs] = L05] — as00(L 1) — coud (1 —r;3) 20,

23(0) =5(0) — 5 20,
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which ensures that (w;, z;)=(0, 0) on [0, T]. By the same reasoning,
(w,, z,) satisfies

Lo[w,] =L, ]~ Lo[#V] = Lo[#,]1 20,
wi(x, 0) =i5(x, 0) ~ £5(x) 20,
Blz,]=B[0,]- B0 ] = 5[0,] 20,
Z5(x, 0)=,(x, 0) — n5(x) = 0.

From the boundary relations (2.3) and (2.7), we deduce
B[w,1(0)= B[#,1(0) — B,&{™(t) 20, B[w,1(!)= B[#,1(/) - B,aL (1) >0,
B2,1(0) = B[5,1(0) — BF51°(1) 20, B[z,1(/) = B[5,1(/) ~ p35Q(2) > 0.

It follows from these inequalities that (w,, z,)>(0,0) on D, (cf. [6,7]).
This establishes the relation

@, o)< @, 6)  (i=1,2,3).

A similar argument using relations (2.6)-(2.8) and the right-side
inequalities in (2.2)-(2.4) shows that

@, o) < (u, ") (i=1,2,3).

Now let w,=a!") —yV), z,=¢" — p'") Then by (2.5), (2.6), and the non-
increasing property of f(v)

L,[w,1=a, @0, 1) = u$(0, 1)) + f(0{0(t = r\)) = f(7"(1 — 1)) 20,

Zi[z,]1=a (520, 1) — (0, 1)) =0,

Ly[w,]=£[z,]1=0,

Li[wy]=ay(a®(, 1) —u$V(, 1)) =0,

Ll z31=as(5(L 1) — v, 1)) + co@(t — r5) — 4Nt ~1,)) = 0.
From the initial conditions, w;=z,=0 at t=0 (z,(¢)=0 for te [ ~r;, 0]

and wy(t)=0 for te [ —r,, 0]) and because (w,, z,) satisfies the boundary
condition (2.7) we again conclude that (w,, z;) = (0, 0) on D,. Hence

(), 2 < (ulh, o) < (@, 7)< (@), 7).
Assume for some m> 1,

(Ll,('m_ 1), ygm~ l)) < (yl(m), p’(m)) < (al(m), 6§m)) < (12’(.'"_ l), ﬁl(m’- l)).
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Then by (2.5), (2.6), the functions w,=y{"*" — ™ and z,=p!"+ 1 —p(™
satisfy the respective relations

L[, T =y (g0, ()= (0, )+ F(F (=7, ) = fE" 1 =7,)) 20,

z,]=a,(08(0, 1) —§" = (0, 1)) 20,
Ly[w,]=%[2,]1=0,
LS[W3] = a}(y(Z’n)(l’ t)*HEM7 l)(l’ t)) 20’

Hlz3]=axwy (L, 1) =08~ (L ) + colwy (1 —ry) —uy” =t —r3)) 2 0.

Since w; and z; also satisfy the same initial and boundary conditions as for
the case m =1 we conclude that (w,, z,) = (0, 0). This proves the relation
(™, pm) < (uim+ D, p¢"+ ). The same argument gives the conclusion
(IZE”H’ 1)’ 6§m+ 1)) < (ﬁgm)’ 5$m)) and (y§m+ 1), y§m+ 1)) < (al(m+ 1), 5Em+ 1))_ The
result of the lemma follows from the induction principle.

It is seen from Lemma 2.1 that the pointwise [imits
hm (ﬁj'm" L_?i‘m)) = (ﬁi’ Ei)s

mo (2.10)
lim (@, 0") = (u;, v;),

exist and satisfy the relation
(> 0) < (w;, v,) < (U, 0,) < (@, D). (2.11)

Letting m — o0 in (2.5) and (2.6), a standard regularity argument shows
that both (#;, #;) and (u,, v;) satisfy Egs. (1.1)-(1.3) except with the first
equation in (1.1) replaced, respectively, by

Li[a,]1=a,u)0, 1)+ f(v,(t —r,)),

(2.12)
L[y 1=a,ux(0, 1)+ f(0,(t —r,))

(cf. [51). Hence (#;, v,) and (u;, v;) are not necessarily solutions of
(L.1)}~(1.3) uniess 0,(t) =p,(¢) for every > 0. In the next section we show
that §, =p, and (&,, 7;) is the unique solution of (1.1)-(1.3).

3. EXISTENCE AND BOUNDEDNESS OF A SOLUTION

To ensure the existence of a global solution to the system (1.1)-{1.3) we
need to show that upper and lower solutions do exist and the limits (z,, 7;)
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and (g;,v,) in (2.10) coincide. We first establish an existence theorem
whenever upper-lower solutions exist.

TuEOREM 3.1. Let (#;, ©.), (u;, v;) be upper and lower solutions with
(#@;, 0,) = (4, ;) 2 (0, 0) and let f satisfy hypothesis (H). Then the sequences
{atm, 3¢y, {u\™, v} obtained from (2.5)~(2.8) with (@®, v!®) = (i;, v,)
and (', v'9)=(u,,v;) converge monotonically from above and below,
respectively, to a unique solution (u,, v;) such that

(U v) < (uyv) < (4, 7)) ((t, x)eDy). (3.1)

Proof. Since u,(t)=us{t)=¢E5(2) for 1e[—r,,0] and 7,(¢t)=v,(f)=
71(¢) for te [ ~ry, 0] it suffices to show that (i, 7,) = (u;, v,) for (¢, x)e D .
To achieve this we let w,=a,—u,, z;,=0,~v;,, i=1,2,3. Then

Li[w I=a,wy(0, 1)+ fu,(t—r)) = f(5,(r=r\)),
ZLilz1]1=a,2,(0, 1),

Ly[w,1=0,  B[w,1(0)=pB,w(r),  Blw,](l)=B,ws(1),
Hlz1=0,  B[2,10)=pFz,(1), Blz]()=pFz0), (32)
Li(ws]=a;sw,(} 1),

Hlzs]=a525(4 1)+ cows(t~ry),

wi{(0) =w,(x, 0)=w;(0)=0, z1(0)=z,(x, 0)=12z;(0)=0.

In terms of integral representation, (w;, z;) for i=1, and i=3 are given by
wi(0)= | e a0, 7) 4 Syt r)) = fon(s = ri) ) b,

2 (1) =a jo e~ 9;.(0, 1) d,

(3.3)
walt)=a; [ e Owy(l 1) dr,
4]
230 = [ e ™ Iayzyl 1) + cowal— )] d,
0
where o, =a,+ b, ay=a,+b,, ay=a;+ b, ay=a;+b,. Let
M*=max{f"(v);v, <v<#,,te[0, T]}, (3.4)

and for each fixed =0 let ||w|, be the maximum norm of either w(z) on

409/109/2-5
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[0,:] or w(tr,x) on [0,¢]1x[0,/]. In view of v,(t—r,)=0,(t—r,) for
1e€[0,r,] and w;(t—r,)=0 for 1€ [0, r,] we obtain from (3.3)

wi (O Say (1 —e " Wayllwyll, + M*||z,],)
SM(T—e ) (wall + lz4ll0),
lz(D) < M(1—e™) |zl (3.5)
()] S M(1—e ) [lwsll,,
lz3(O] S M(1—e )z, + [wsll),

where M is a positive constant independent of 1.

To obtain an estimate for (w,, z,) we also use an integral representation
in terms of the Green’s function G(x, 1| ¢, t). For each fixed (&, 7)€ D this
function is governed by the equations

L[G1=G,— DG +bG=06(x—¢&)0(t—1)
B[G}(0)= ~G (0, 1]& t)+ B,G(0, 1] &, 1) =0,
B{GI=G (L t]& 1)+ B,G(l,11¢, 1) =0,

Glx, 11E,1)=0  (1<71),

(3.6)

where D, b, B,, B, are positive constants. Denote by G,, G, the Green's
function corresponding to L=L,, B=B, and L =%,, B= 4, respectively.
Then the integral representation for the solutions w,, z, in (3.2) are given
by

ol 1) = [ L8166, 110, 7) w1 (1) + BaGr(x, 1] 1) wa(e)] e,
! (37)
2, )= | 7Gx, 110,9)2,(0) + BFGal, 114 1) 24()]

(e.g. see [8, p. 199]). To determine the Green’s function we write
Glx, 1|8, 1) =1(x, 1|1 1)+ Vix, 1] &, 1),

where I is the fundamental solution of the operator L in R' and V is deter-
mined from the usual initial boundary value problem

Lv1=0,
B[V](0)= —B[I](0),
B[VI(y= —BLT1(),
Vix,t|&, 1)=0fort<t (x,t)e D

(3.8)
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The fundamental solution /" is given explicitly by

I(x,t1¢, 1) = H(t —t)(4n(t —t)/D)~ exp[ — (b + D|x — &|*/4|1 —1])],
(3.9)

where H(t) is the Heaviside function. Clearly G = I + V satisfies all the
requirements in (3.6). Although I has a weak singular point at (¢, t) the
function V is a bounded smooth function in D for any fixed (&, ). In view
of (3.8), (3.9),

|G(x, t|&, D) <(@n(t—1)/D)" "+ M, (1>71), (3.10)

where M, is an upper bound of ¥ on D,. By applying the above estimate
in (3.7) for G, and G, we have

[wi(x, 1) <M1<f0' ((r—r)*‘/2+M0)dr> (wall =+ )

<o+ 00wl + llwsll), (3.11)

|2:(x, Ol <oy (12 + )z, + Nz,

where ¢, is a positive constant independent of (z, x).
Let W= (w,, z;) and for each ¢ >0 define

[Wx, )] = wi(D)] + 12, ()] + [wolx, O + -+ + 25001, (3.12)
IWH = lwill, + Nzl + lwall o+ -+ 2] '

Then by adding the inequalities in (3.5) and (3.11) we obtain

[W(x, 1)l Sc(l—e "+ 1"+ 0) [ W], ((x,1)eDy)

for some positive constants ¢ and «,. Let 7; be any constant such that
c(l—e ™"+ ¢12+ 1)< 1. Since ||W]|, is a nondecreasing function of ¢ the
above relation implies that

Wl <(I—e ™"+ 112 +1,) |W], forallre[0,1,].

By the choice of ¢, this relation can hold only when [|W|, =0. This leads
to the conclusion (&;, 7,) = (u;, v;} on [0, /] x [0, ¢,]. Since the constants ¢
and a, are independent of ¢ a continuation of the above argument shows
that (u;, 9;)=(u;,v;) on D,. It also shows that (i, #,) is the unique
solution of (1.1)-(1.3). Finally, the monotone convergence of the sequences
and the relation (3.1) follow from Lemma 2.1. This completes the proof of
the theorem.
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It is seen from Theorem 3.1 that the existence of a solution to (1.1)-(1.3)
is ensured if there is a suitable pair of upper and lower solutions. Since
every solution is an upper solution as well as a lower solution, the existence
of such a pair becomes both necessary and sufficient for the existence
problem. To construct some explicit upper—lower solutions so that a global
solution is guaranteed to exist we choose the constant functions (i;, §,) =
{(pi» p¥) and (u;, v,)=1(0,0), where p,, p¥ are some positive constants
satisfying

przn, =123 (3.13)

tf*w[

P2

The constants &,, 7, are the least upper bounds of the initial functions &, #,
in their respective domain. In view of Definition 2.1, the pair (p,, p;*) and
(0, 0) fulfills the requirements in (2.2) if

(ai+b)pr—aip,—f(0)20= —f(pf)
(ay+b3) p¥—apF =0,
{ay+ b)) py—azp, =0,
(ay+bs) p¥ —a3pF —cops 20;
choose

pa=(1+bijas)ps,  p¥=(1+byja;)pf. (3.14)

Then from f(p}) >0 the above inequalities hold when

(1+by/a;)pi=(1+by/as) ps+ f(0)/ay,
(1+byfas) p¥ = (1 +by/a)) pit + (co/as) ps.

(3.15)

To fulfill the boundary requirements in (2.3), (p;, p¥) must also satisfy the
relation

Bipa—Bip: 20, Baps—Brps 20,
Bpt —BEptr =0,  BFpF—BFor=0.

By the choice of p,, p¥ in (3.14) it suffices to verify
(I+b/as)ps=zpy,  (1+byja) pfZpT. (3.16)
This relation together with (3.15) can be put in the form

L+bifayzpi/ps =2 (1 +b1/a:)/(1+by/a) + (f(0)/(a, + by) ps),

(3.17)
L+ byfa, 2 p¥lpF = (14 byja)/(1+bylay)+ (cof(as + b)) (ps/pT).
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Let p; be any large constant such that

S0)/((a; +b,) p3) < (1+by/as)(b/(a; + by)).

Then there exists p, >0 such that (p,/p,) satisfies the relation in (3.17). By
taking p, sufficiently large, if necessary, the constants p;, i=1, 2, 3, can be
chosen to satisfy the initial inequalities in (3.13). With p, fixed we then
choose p} sufficiently large such that

L+ by/a; = (1+by/a;)/(1 + by/as) + (cof(as + by))ps/p ).

The above relation ensures that for some p¥ >0 the second relation in
(3.17) holds. With this choice of p,, p* for i=1,3 and the relation (3.14) for
i=2 the functions (p,, p¥) and (0,0) satisfy all the requirements in
(2.2)-(2.4). In view of Theorem 3.1 we have the following global existence
theorem.

THEOREM 3.2. Let f satisfy hypothesis (H). Then there exist positive con-
stants p;, p¥ such that a unique global solution (u;,v;) to the problem
(1.1)-(1.3) exists and satisfies the relation

(0,0)<(u;, v)<(p p¥)  (1>0,x€[0,1]). (3.18)

Moreover, the bound (p;, p¥) can be determined from (3.14) and (3.17).

Since the function f(v) satisfies hypothesis (H) we immediately have the
following result.

COROLLARY. The problem (1.1)-(1.3) with f=f, given by (1.4) has a
unique bounded nonnegative solution (u,, v;) which satisfies the relation

(3.18).

4. GLOBAL ASYMPTOTIC STABILITY

The existence-comparison theorem for the time-dependent problem
(1.1)~(1.3) can be used to investigate the stability property of a steady-state
solution. In this section we give a sufficient condition for the global
asymptotic stability of a steady-state solution. This global stability result is
with respect to any nonnegative initial function and is independent of the
time delays r,, r,. The existence and uniqueness problem of the steady-state
has been discussed in [4].
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THEOREM 4.1.  Let (15, v?) be a nonnegative steady-state solution of (1.1),
(1.2), and let f satisfy hypothesis (H). If, in addition,

sup [ —/"(v,)] <biby/cy, (4.1)

120

then for any nonnegative initial function (¢,, n,), there exist positive constants
M, ¢, independent of the time delays r,, r,, such that the corresponding time-
dependent solution (u;, v,} satisfies the relation

lu(t) —ufl < Me ™, Jo(t)—vi| < Me ™, i=1,3
[un(t, x) —us(x)| < Me %, Jo (1, x) —v3(x)| < Me™ (1>0,0<x <)

(4.2)

Proof. We apply Theorem 3.1 by constructing a suitable pair of upper
and lower solutions in the form

(ﬁi5 51‘) = (u}?+ p(), v? +q(t))7
(U, 0)) = (u] — p*(1), v} — g*(1)),

where p, ¢, p*, and ¢* are nonnegative functions to be determined. Tt is
clear by taking p(0), ¢(0), p*(0), ¢*(0), sufficiently large, if necessary, the
initial requirements in (2.4) are satisfied. The boundary inequalities (2.3)
are also satisfied if

Blu31(0) + Bip—Bi(ui + p) =
Blus 1)+ Bop—Bar(us + p) =
Alv31(0)+ g —pF(vi+q)=
Blo3J()+ g — BF (i +q) =

0= B[u31(0)— B, p* — By(ui — p*),
02 B[w3J(1) — Bop* — By(us — p*),
0> 2[v3](0) — BFg* — Bi(vi—g*),
0= Z[v31(1)— 3q* — BF(v3—g™).
Since (u?, v}) satisfies boundary condition (1.2) all the above inequalities
hold for any functions p,q, p* g¢* Hence it suffices to find suitable
functions p, g, p*, and ¢* such that the differential inequalities (2.2) are

satisfied.
Now (i1;, 7,) fulfills the left-side differential inequalities in (2.2) if

p'+(ay+b,)(ui + p)—a,(u3(0) + p) — f(v,(t = r,)) 20,
4’ + (a, + by)(v] +q) — a,(v3(0) + 9) 20,
P =D (u3) e+ 0115+ p) 20,
q' = Dy(v3) cx + ba(v3+ ) 2
P+ (as+ b )us + p)—as(uy() + p) 20,
g’ + (a3 + b)) (v5 + ) — as(v3()) + q) — ol + plt —r3)) 20

’
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where p,(t—r)=v{—q*(t—r;). Since (u, vi) satisfies Eq.(1.1) these
inequalities are equivalent to
p'+lai+b)p—ap>flot—r))—f(v7)
q' +(a,+b)g—a,qg=20,
p+bip=0,
4 +by4=0,
P +(as+b)p—ap=0,
g +(ay+by)q—asqg=cop(t—r,).
In view of the relation
|foi(t=r )= SO S M*(vi—p,(1 —r))) = M*q*(t —ry)
all the above inequalities hold whenever

p' +bip=M*q*(t—r,),
! ‘ (4.3)
q' +byg=cop(t—r,) (t>0).

Following the same reasoning as for (i,, #,), the function (u;, v;) = (¥ — p*,
vi—q*) fulfills the right-side differential inequalities in (2.2) if (p*, ¢*)
satisfies the relation

(p*) +byp*=M*q(t—ry),
(g*) +byg* = cop*(t—ry)  (t>0).

(4.4)

Choose
el et — &l - &l

p=poe ", q=qoe “, p*=pfe ", q*=gqoe ",

where ¢>0 is a constant to be determined. Then relations (4.3), (4.4)
become

(by—¢) po= M*qfe™, (b2 —¢) go = copoe™,

(b1 —&) ps 2 M*qoe™,  (by—e) 43 = copde™.

By taking g, =q¢, po= p¢ it suffices to find p,, ¢, such that
M*e*'/(b; — &) < po/qo < (b, —)/coe™.

The existence of such a pair of (p,, g,) is possible whenever

M*c, < (b, —e)(by—g)e <+,
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In view of (4.1) the above relation is clearly satisfied by a sufficiently small
¢>0. With this choice of ¢ and suitably large p,, ¢, (see Remark 4.1), the
functions (ui+ p, vi+¢) and (u;— p*, vi—gq*) are upper and lower
solutions. The result (5.2} follows from Theorem 3.1

Pomiark 41  Whan » SKIOY oo large the lawer <o
Remark 4.1. When p*(0), ¢*(0) are large the lower solution (4> 1)

may become negative and Theorem 3.1 is not directly applicable. To over-
come this we define a modified function 7 of f so that f(v)= f(v) for v=0
and [ is nonnegative and nonincreasing for v <0 (e.g., f(v)= f(0) for all
v<0). It is easily seen from the proof of Theorem 3.1 that if the lower
solution (y;, ;) is not nonnegative all the conclusions in the theorem
remain true when f is replaced by f. Clearly (u} — p*, vi—g*) is a lower
solution of the modified problem (ie., with f replaced by f). Since by
Theorem 3.2 the solution of (1.1)}-(1.3) is unique and nonnegative
whenever the initial function is nonnegative we conclude that the solution
of the modified problem must coincide with the solution of the original

prnhle This 1mh]mq that the result in IA 2) remains true even if (11‘_ p*

QLOICIIL FI LV NG § Fs A VN V4 Lol § o1 15 8 18 vy ACHIANES LLRC viil

vi —g*) assumes negative values in its domam.

It is seen from Theorem 4.1 that iff satisfies (H)
state solution of (1. 1), (} 2) is gluuauy asympwu cai iy' t . 1
case of /= f, the maximum of (— f'(v)) occurs at 6= ((p— 1)/k(p
and

ok forp=1

S MRS )

In view of Theorem 4.1 we have

COROLLARY. Let (1}, v}) be the nonnegative steady-state solution of (1.1),
(1.2) corresponding to f = f,, where f, is given by (1.4). If

ok <b b,/cq when p=1,

4.6
okp Np— 1) (o4 1) S0 <abibe,  whenp>1, 7O

then (w3, v}) is globally asymptotically stable with respect to nonnegative

i

initial functions.
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