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INTRODUCTION

It has been proposed by Jacob and Menod [3] that genes control certaln
biochemical pathways in ¢ells by a negative feedback mechanism or
repression. Mathematical models for the biochemical control of the genes
were first proposed by Goodwin [1,2]. These Goodwin models were based on
sgpatially homogenecus biochemical kineties with time-delays although
Gocdman suggested that spatial effects and diffusion should be taken into
consideration. In a recent paper, Mahaffy and Pao [4] extended Goodman's
models for a two- and a three~interacting compartments which incorporate
both time delays and diffusion. These models are formulated using a
combination of the biochemical techniques and gompartmental analysis to
account for spatial effeets. In this note we give some analytical
results for the three—interécting compartment model. Proofs of these
results are based on the monotone argument and the associated upper-lower

solutions and will appear elaewhere (cf. [5]).

THE MATHEMATICAL MODEL

In the three-lnteracting compartment model, the first and third
compartments are well-mixed with differential delay equations governing
the reaction. The second compartment, connescting the first and third, 1s

nonreacting except for decay of the chemical spscles and accounts for
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spatial differences between the first and third compartments, Using the
standard theory from compartment analysis and biochemical kinetios the
differential equations governing the chemical specles (uy,vi) in the i-th
compartment are given by (ecf. [H])
] = -
u '+ (ay + byu, au,(0,t) + flv,(t = r))

vytorlag by, = a,v,(0,t)

(u2)t - D1(u2)xx + b1u2 =0 (t » 0,0 < x< &) (1)
(Vz)t - D2(v2)xx + b2v2 =0
u3' + (a3 + b1)u3 = a3u2(2.t)

°

v3' +{ag r byvy

a3V2(R,t) + cOuB(t - ry)
where uy' = duj/dt, (ujly = ouj/at ete., and ag,bg,Dj,ry and co are
physical constants. The function £{vq) ias a contlnuous nonnegative
funotion representing the controlled production of uy by vq and is often’
given in the form
- £yl

fo(vl) = g(1 + kv1)
where g,k,p are positive constants and p > 1 is the order of repression.
On the interface between compartments 1 and 2, and between compartments 2
and 3 the concentrations uy,vy are related by the boundary condition

—(uz)x(O.t) + 81u2(0.t) = B1u1(t)

(u,) (£,8) + Buy(2,6) = 8u (t)
(t > 0) (2)
* *
“(Vz)x(o,t) + B1v2(0,t) = B1v1(t)

* *
(v?ﬁ2m3+ﬁgélm)nﬁgﬁt).

The initial condition for the system is given by
u, (0) = g, v (t) = m(t)  (ry <t < 0)

uz(x,O) = Ea(x). vz(x,O) = nz(x) {0 < x < 1) (33

t <0) .

U3(t) = E3(t)l V3(0) = n3 (—rg

I~
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*
>0, B

In the boundary and inftial conditions, B i

> 0, 51?'0: n __>_0|

1 3

i=1,2, are constants and €2, €3+ M1, n2 are given continuous
nonnegative functions of their respective arguments (see [4] for more
detailed disoussions)., A novelty of the system {\) - (3) is that the
coupling of the various concentrations is through the boundary condition,

EXISTENCE AND STABILITY

As little 18 known about coupled systems of reaction-diffusion equations
with time celays, especlally about systems with coupled boundary
condditions, it is essential to establish the existence and unti queness of
a global sclution. Using the method of upper-lower solutions we have the
following result.

Theorem 1. Suppose £ ¢ C1(R") and

£{v)) 2 0and £'(v,) <0 for v, e R = [0,=). (4)

1

Then the coupled system (1) - (3) has a unique global solution {ug,vy).
Moreover there exist positive constants pi,pf, 1 =1,2,3, such that

*
0<w(t) <py 0<V(E) <o (beRD 11,3
{5)
0 < uy(t,x) < pye 0 < V,(E,0) < p; ((t,x) e R" x [0,&])

The result in Theorem 1 implies that under condition {4) the
time-dependent problem has a unique bounded nonnegative solution,
independent of the time-delays rq{,ra. The next theorem shows that If
satisfies a suitable growth condition then the steady-state solution is
globally asymptotically stable (with respect to nonnegative initial
perturbations).

Theorem 2. Let (uj, vf) be a nonnegative steady-state solution of
{1.1) (1.2) and let f satisfy condition (1), If, in addition,

sup [—f'(v1J] <bybye {6}
V1ZD

then for any time delays rq,rp, (uf,v§) is globally asymptotical
stable.

Proofs of Theorems 1 and 2 have been given in [5] where an

existence-comparison theorem is established and sultable comparison
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functions are constructed. It is to be noted that when ' = f, condition

(1) is trivially satisfied and condition (6} is reduced to

ok < b1b2/00 when p = 1

_ _ (n
0k1/0p 1(p - 1)1 1/p(p + 1)1”/p < Mbybyle, when p > 1.
In this situation we have the following existence-uniqueness result for

the steady-state problem.

Theorem 3. The steady-state problem (1) {2} with f = f; has a unique
positive solution (uf, v§). This steady-state ls globally
asymptotically stable when condition (7) holds.

A proof of the exiskence-uniqueness result can be found in [4F. The

stability result follows from Theorem 2.
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