Spring Homework 8 Math 531

7.7.1 (15 pts) Consider the vibrating membrane satisfying
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with BC u(a, 6,t) = 0 and ICs u(r, 6,0) = 0 and %Qt‘(r, 0,0) = a(r)sin(30). We apply separation
of variables: u(r,0,t) = ¢(r)g(8)h(t), which gives
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This leads to the t-equation: h” 4+ A\c¢*h = 0, which has the solution:

which is equivalent to

h(t) = ¢1 cos(eV/At) + ¢z sin(eV/At).

A second separation of variables gives two Sturm-Liouville problems:
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The first Sturm-Liouville problem is:
9" +pg=0, with g(-m)=g(r) and g'(-m)=g'(m).

This is a standard eigenvalue problem with periodic boundary conditions, which we have solved
before. This has eigenvalue yo = 0 with eigenfunction go(6) = 1 and eigenvalues i, = m? with
eigenfunctions ¢,,(0) = ay,, cos(mf) + by, sin(m8).

The second Sturm-Liouville problem is:

which is Bessel’s equation of order m. This has the general solution:
(r) = cr I (VAr) + eV (VAF).

The boundedness condition at the origin requires co = 0, so the eigenvalue problem gives:
¢mn(r) =c1dp, (\/ >\mn7‘> )

where J,, (\/)\mna) = 0 with A\, = ('Z’g”)2 > 0 with 2z, being the n'” zero of m** order Bessel
function (Jp,(zmn) = 0).




The Superposition principle gives:

(r,0,t) Z Jo ( AOnr) (AOn cos (c )\0nt> + By, sin (c )\Ont)>
+ Z Z cos(mb)Jp, (Mr) (Amn cos (c /\mnt) + Byun sin (c )\mnt)>
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+ i i sin(mé)J,, (MT) <Cmn cos (c )\mnt> + Dy Sin <c )\mnt>> .

m=1n=1

The initial displacement is zero (u(r,6,0) = 0), which gives A, = 0 for m = 0,1,2... and
n=12,..and Cp, =0 for m =1,2... and n = 1,2, .... This reduces our solution to

u(r, 6,t) Z BonJo ( )\On’f‘> sin (c )\Ont)

+ Z Z Im ( mnr) mn €08(mB) + D,y sin(m#)) sin (c )\mnt> .

m=1n=1

The initial velocity gives %(7’, 6,0) = a(r)sin(36). From the solution above we have
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+ i i ijm (MT) (Bn cos(mb) 4+ Dy, sin(mb)) cos (c )\mnt) )
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which when evaluated at ¢t = 0 gives:
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+ Z vV Amndm (\/ )\mnr) (Bmn cos(mb) + Dy, sin(mh))
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= «a(r)sin(30).

Orthogonality of the eigenfunctions in 6 implies that B,,, = 0form =0,1,2,...andn = 1,2, ...,
and Dy, = 0 for all m # 3 and n = 1,2, ... The only nonzero coefficients are:
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With these Fourier coefficients, it follows that the solution satisfies:

u(r, 6,t) Z D3, J3 ( /\3nr) sin(30) sin ( Agnt> )



7.7.2.a. (15 pts) Consider the circular membrane:
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with BC %(a,@,t) = 0 and ICs u(r,0,0) = 0 and %(T,H,O) = B(r) cos(50). This begins just
like Problem 7.7.1. We apply separation of variables: u(r,0,t) = ¢(r)g(0)h(t), which gives
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This leads to the t-equation: h” 4+ A\c?h = 0, which has the solution:

h(t) B c1t + ¢, AZO,
| e1cos(eVAt) + casin(eVAt), A>0.

which is equivalent to

A second separation of variables gives two Sturm-Liouville problems:
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The first Sturm-Liouville problem is:

9" +pg =0, with g(—m)=g(r) and g'(-7)=g'(m).

This is a standard eigenvalue problem with periodic boundary conditions, which we have solved
before. This has eigenvalue o = 0 with eigenfunction go(6) = 1 and eigenvalues i, = m? with
eigenfunctions g, (0) = a,, cos(m@) + by, sin(m@).

The second Sturm-Liouville problem is:

7’% (rjf) + 12/ A — m2¢p =0,

which is Bessel’s equation of order m. This has the general solution:

o(r) = dy + da In(r), A=0 and m =0,
T didn (VAR) + do Yo (VAT), A>0 and m=0,1,2,..

The boundedness condition at the origin requires do = 0, so

' (r) = 0, A=0 and m=0,
"= diV AT (Vr), A>0 and m=0,1,2,...

The BVP requires ¢'(a) = 0, so one eigenfunction is
poo(r) =1, with A=0 and m=0.

The other eigenfunctions, where A > 0 and m =0,1,2, ..., are

Grun(r) = Jon (VA )



where J/, (\/)\mna) = 0 with A\p,p = (Z’g”)Q with z,,, being the nth zero of the derivative of
m!" order Bessel function (J!, (zmn) = 0).

The Superposition principle gives:

u(r,0,t) = Ajt+ Ag+ i Jo (\/Er) (B()n cos (c )\(mt) + Coy, sin (C\/Et))
+ i i cos(m@)Jp, MT) (an cos (c )\mnt) + Cypn Sin (th))
()
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The initial displacement is zero (u(r,6,0) = 0), which gives Ag = 0, By, = 0 for m = 0,1,2...
and n=1,2,... and D,,, = 0 for m = 1,2... and n = 1,2, .... This reduces our solution to

u(r,0,t) = Ajt+ i Condo <\/mr> sin (c )\Ont)

+ Z Z Jm ( mnr) (Crn cos(m@) + Epy, sin(m@)) sin (c )\mnt> :

m=1n=1

The initial velocity gives %(r, 0,0) = [(r) cos(50). From the solution above we have

%(r, 0,t) = A+ ni: v/ AonConJo (@r) cos (c )\gnt>
+ i i cMJm <MT) (Crn cos(ml) + Epy, sin(md)) cos (c )\mnt> ,
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which when evaluated at t = 0 gives:
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+ Z Z vV A dm <\/ )\mnr) (Cn cos(mb) + Epy, sin(m#))
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= f(r)cos(56).

Orthogonality of the eigenfunctions in 6 implies that Ay = 0, Cy,,, = 0form # 5andn = 1,2, ...,
and Fp,, =0 form=1,2,... and n = 1,2, ... The only nonzero coefficients are:
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With these Fourier coeflicients, it follows that the solution satisfies:

CSn

u(r,6,t) Z CsnJ5 ( )\5nr) cos(50) sin ( )\5nt> )



7.9.1.c. (15 pts) Consider Laplace’s equation on a cylinder:
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with BCs u(r,0,0) = 0, u(r,0, H) = 3(r) cos(30), and %(a,@,z) = 0 (insulated). There are
implicit BCs u(r,—m,z) = u(r,m,z), up(r,—m,2) = ug(r,m, z), and u(0,6,z) bounded. We
apply separation of variables u(r,0,z) = ¢(r)g(0)h(z), giving:
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This gives the z equation: h” — Ah = 0, which has the solution:

h(Z) _ CIZ + 027 )\ = 07
| e1cosh(vA2) + g sinh(v/z), A>0.

A second separation gives two Sturm-Liouville problems:
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The first Sturm-Liouville problem is:
9" +npng=0, with g(-7)=g(m) and g'(-m)=g'(r).

This is a standard eigenvalue problem with periodic boundary conditions, which we have solved
before. This has eigenvalue yo = 0 with eigenfunction go(6) = 1 and eigenvalues i, = m? with
eigenfunctions ¢,,(0) = ay,, cos(mb) + by, sin(m8).

The second Sturm-Liouville problem is:
ri (r(jld)) + 12V p — m2¢p =0,
r

which is Bessel’s equation of order m. This has the general solution:

(1) = dy + do In(r), A=0 and m =0,
T didm (V) + do Yo (VAT), A>0 and m=0,1,2,..

The boundedness condition at the origin requires dy = 0, so

6/(r) = 0, A=0 and m =0,
"= diV AT (Vr), A>0 and m=0,1,2,...

The BVP requires ¢'(a) = 0, so one eigenfunction is
poo(r) =1, with A=0 and m=0.

The other eigenfunctions, where A > 0 and m =0,1,2, ..., are

Grun(r) = Jon (VA )



where J/, (\/)\mna) = 0 with A\p,p = (Z’g")Q with z,,, being the nth zero of the derivative of
m!" order Bessel function (J!, (zmn) = 0).

The Superposition principle gives:

u(r,0,z) = Ajz+4+ Ap+ i Jo (Mr) (B()n cosh ( )\0nz> + Coy, sinh ( )\07,,2))

n=1
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The homogeneous BC on the bottom of the cylinder, u(r,8,0) = 0, gives Ag = 0, By, = 0 for
m=20,1,2... and n = 1,2, ... and D,,,, = 0 for m = 1,2... and n = 1,2, .... This reduces our
solution to

u(r,0,z) = Aiz+ i Condo <\/Er> sinh (mz)
+ Z Z Im ( mnr) (Cran cos(mb) + Ep,y, sin(m#@)) sinh (m,z) )

m=1n=1

The BC at the top of the cylinder gives u(r,8, H) = B(r) cos(360). From the solution above we
have

uw(r,0,H) = A1H+ ZC’OnJO (MT) sinh( )\OnH>

+ Z Z T ( mnr) (Chan cos(mb) + Eppy, sin(md)) sinh ( )\mnH)

m=1n=1

= [(r)cos(36).

Orthogonality of the eigenfunctions in 6 implies that Ay = 0, Cy,,, = 0form # 3andn = 1,2, ..
and E,,, =0 for m=1,2,... and n = 1,2, ... The only nonzero coeflicients are:
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With these Fourier coefficients, it follows that the solution satisfies:

u(r, 0, 2) chnjs ( A3n7~> cos(30) sinth (\/A5mnH)



7.9.2.b. (15 pts) Consider the semi-circular cylinder:
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with BCs u(r,6,0) = 0, %(r, 0,H) =0, u(r,0,z) =0, u(r,m,z) =0, and u(a,0,z) = 5(6, 2).
There is an implicit BC that «(0, 6, z) is bounded. We apply separation of variables u(r, 6, z) =
¢(r)g(0)h(z), giving:
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This gives the first Sturm-Liouville problem:
h" + Ah =0, with  h(0)=0 and h'(H)=0.
We have shown that A\ < 0 leads only to trivial solutions. The solution is:
h(z) = ¢1 cos(VAz) + casin(vVAz),

The BC h(0) = 0 implies ¢; = 0. The BC h'(H) = cav/Acos(vVXH) = 0, which for nontrivial
solutions gives:
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A second separation gives one Sturm-Liouville problem and a modified Bessel’s equation:
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The second Sturm-Liouville problem is:
g"+pg=0, with ¢(0)=0 and g(7)=0.

This is a standard Dirichlet eigenvalue problem, which we have solved before. This has eigen-
values p,, = m? with eigenfunctions g,,(#) = sin(mf) for m = 1,2, ...

The modified Bessel’s equation is:
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which has the general solution:

6(r) = erlm (W) + ek (M> .

The boundedness condition implies ¢y = 0.

The Superposition principle gives:
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The nonhomogeneous BC satisfies:

wrba) i iAmn sin(mf) sin <(2n 2—H1)7rz> I ((2n 2—H1)m)
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= p(6,z).

Using the orthogonality of the eigenfunctions, we obtain the Fourier coefficients:
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