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The simple requirement that one should move on the surface of a sphere with cepstaahile
maintaining a constant angular velocity with respect to a fixed diameter, leads to a path whose
cylindrical coordinates turn out to be given by the Jacobian elliptic functions. Many properties of
these functions can be derived and visualized using this path, known as Seiffert's spirzdoo ©
American Association of Physics Teachers.

[. INTRODUCTION This means that, besides the conditior constant, we
o ) also assume
Elliptic functions have been known for about 150 years,
mainly through the work of the mathematicians Legendre,  4_ ¢ 2.1

Abel, and most of all, C. G. J. Jacohil804—1851 They

are dout_)ly periodicl functions of a variable in the complexwhere¢ (mod 2m) determines the geographic longitude of
p'%”e.W'th the additional property that the_y' are meromors,,, positiod anda=2#/day is ourconstant angular veloc-
phic, i.e., they have only poles as singularities. Among th

elliptic functions, the so-called Jacobian elliptic functions are
of second order, that is, they have two poles of first order ir}e

the period parallelogram. 5 o : .
Most frequently, these latter functions are defined as th%sngi&dn -l\;\t]eeweillrr snv(\;(\?vr (;Z;/eslglpfferts spherical spiral, whose

inverse functions of certain integrals that cannot be ex- First we eliminate the time variable by settina s/v and
pressed in terms of those functions which, somewhat pre- Irst, we efimi ime varl y g /v
sumptuously, are called elementary. This definition usuall)}'ewr'te Eq.2.1) as
forms the basis of the applications of the Jacobi elliptic func-
tions in physics. In mechanics they appear in the theories of d=ks, k= a 2.2)
the simple pendulum and of the spinning t@e., a rotating ' ’ ’
rigid body with one point fixeg in superconductivity they
appear as the solutions of the Ginzburg—Landau equationdjow, k remains the only parameter of our problem. Since we
in mathematical biology they occur as solutions of reactiondecided that our angular velocitit/dt has to be constant, it
diffusion equations, etc. follows that if our surface velocity is higlk has to be small,
Here | wish to develop an approach to the Jacobian elliptiaand vice versa
functions that will appeal to readers who like to think in  \We have to take into account, of course, that the curve in
terms of geometrical images. | believe that this approach wilfuestion is located on the surface of a sphere. For simplicity,
provide an insight into the behavior of these functions forwe assume that our distance from the center of the sphere is
different ranges of their parameters and some understandinghity and that our height above the ground is negligible com-
of how these functions are interconnected. pared to the sphere’s radius. With reference to Fig. 1, we
This approach was discovered by A. Seiffert and commuintroduce the coordinates of our positiéh ¢ is the longi-
nicated in 1896 in a publication which may have escaped theude (see the discussion below0=¢$<2m); z is the height
attention of some of the readers of this Journ#l.was  apove the equatorial plane-(L<z<1); andp is the dis-
briefly referred to by Whittaker and Watsdmy contribu- tance(with a sign from the N—S axis of rotation{1<p
tion to the subject consists only in a few additions and in<1) |t , andz are considered as Cartesian coordinates in
giving the elliptic functions a pictorial interpretation. the meridian plane oP, thenp changes sign when the path
passes through a polé.is the angle between the rays drawn
from the center of the sphere to our position and to the North
II. AROUND THE WORLD IN ONE DAY Pole (0 6<m).
In order to safeguard the validity of E(R.2) even in the
Let us suppose that we start out from above the North Polease when the flight path passes through a pole of the Earth,
in a flying machine at a constant spaed ds/dt, wheresis  we have to agree on a special rule fbi(see Fig. 1
the length of arc traveled in a coordinate system fixed with When passing through a pole, even thowgincreases
respect to Earth antlis the time. We define “circling the only by an infinitesimal amount, according to the conven-
globe once” as the process in which the traveler crosses atlonal rule ¢» would suddenly increaséor decreaseby ,
meridians once, starting from, but not necessarily returninghus violating Eq.(2.2). To avoid this we posit that re-
to, the North Pole. Our aim is to travel in such a manner asnains unchanged when the path passes through the South
to compensate the rotation of the Earth around its axis, s@ole. This rule is in accordance with the view that when the
that, roughly speaking, there are always the same $tars point P passes through the South Pole it remains in the same
the sun in the plane passing through the Earth’'s axis and oumeridian plane as before the passage. With this rule adopted,
position.(In this endeavor we neglect the slow motion of thethere is no problem at the passage through the North Pole.
Earth around the sun. This rule is also in accord with our conventions, stated ear-

What kind of curve will our flying machine trace out with
spect to the surface of the Eafitonsidered as a perfect
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meridian plane ¢
\ N Seiffert’s spiral

meridians N

Fig. 1. The beginning of A. Seiffert’s spiral on the unit sphere. The tangentFig. 2. An infinitesimal line elemends on the surface of the unit sphere.
to the spiral at the North Pole defings=0. The coordinateg, z, p, and The square of the line element is expressed by a choice of the coordihates
are illustrated, as well as the anglebetween the tangent to the curve and z andp in Egs.(2.3) and (2.4). Oppositeds there is a right angle in the
the meridiang at an arbitrarily chosen poirR on the spiral. infinitesimal triangle shown.

We may choose to eliminatdp rather thandz from Eg.
42.3). In this fashion we obtain an expression of the length of
the path traveled as a function of the distamcd P from the
equatorial plane:

lier, thatp is positive in that half of the meridian plane where
the spiral moves from the North to the South Pole and i
negative in the other half.

Using an infinitesimal line elements on the spherésee

Fig. 2), it is clear that the square of the line element of any 2 dz' 1
curve on the unit sphere may be expressed as s(z,k :j . Y1-Z2<—.
1 ( ) 1\/(1_k2+k2212)(1_212) k

ds’=p? dg?+dp?+dZ=p? dg?+ T dp?, p#1, 2.7

p 2.3 The inverse of5(z,k) is Jacobi’s elliptic function crglm):

where we have usep?+z?=1 to eliminated . z=cn(s|m) (2.8

We now make use of the special property, Ej2), which  and fromp?+z2=1 it follows that
relates the longitudeé to the distance traveled by the flying sré(s|m)+ cr(s|m) = 1. (2.9

machine, to replacd$? by k? ds? in Eq. (2.3) and obtain
The notation sn and cn, and EQ.9), remind us of sine and

(2.4 cosine: This is not a chance coincidence, as we shall see.

' First, however, let us study the space curve defined by the

1
d ( <_).
G following th ion€.2), (2.6, and(2.8 ized
ollowing three equation§2.2), (2.6), an .8, summarize
Hence, the total distancetraveled from the North Pole to . g g ©2,29 2.8

some pointP may be expressed by the distaneef that
point from the N—S axis as ¢=ks, where k= Jm,

dp’ p=sns|m), z=cn(s|m). (2.10

P
jo \/(1—k2p’2)(1—p’2 These equations define Seiffert’s spiral, situated on the sur-
) o i ) face of the unit spherfsee Eq.(2.9)], given in cylindrical
We recognizes(p,k) as the elliptic integral of the first kind  (not sphericalt coordinates as functions of the lengtbf the
with parametek. Since the square d&f occurs in Eq.(2.5), curve measured from the North Polé£0,,=02z=1) and

s(p,k)=

1<)
) lpl<i]- (29

many treafises use containing a parameten.

m=k?,
a notation which we also adopt to designate the parameter &f. PROPERTIES OF A. SEIFFERT'S SPHERICAL
the elliptic integral. SPIRAL

Instead of expressingas a function of, as in Eq.(2.5),
we may imaging expressed as a function sfThis inverse
function is Jacobi’s elliptic function ss(m), hence

We recall that all Seiffert spirals correspond to the same
angular velocity of flight, but to different surface velocities
distinguished by the parametsr. In Fig. 2 we see a sche-
p=sns|m). (2.6 matic example of a piece of the curve traced out by our
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Fig. 3. LeftA piece of A. Seiffert's spiral fom=0.1, of lengthS=50x. Right The three Jacobian elliptic functions sfff.1) (starting at 0, cn(s|0.1)
(starting at }, dn(s|0.1) (staying close to J and sin§) (broken ling. The period of srg|0.1) and cng|0.1) is 4K(0.1)=6.45; the period of drg{0.1) is
2K(0.1). Here,K(m) is the complete elliptic integral of the first kind. For a fixed valuengfthe arclengtts, measured between the North Pole and any
chosen poin®, of the spiral defined bys=ms and the coordinates, p, andz of the pointP are related by Eq2.10. The spirals are shown on the left,
of Figs. 3—6. The coordinatgsandz yield the values of srg{m) and cng|m), respectively, depicted on the right of these figures as functioss of

flying machine for some parameter At the arbitrary point  the meridians it crosses and gfifi) will remain close to 1
P the curve crosses the meridian at an anglend from the  for a|| s (Fig. 3). Equation(2.7) shows thas(z,k) exists(i.e.,
infinitesimal spherical triangle & we have the integral convergesor all |z]<1, as long asn<1, there-

[dZ+dp? fore the spiral will always pass through the South Pole be-
cosa = —ds V1—msre(s|m). (3.2 fore rising again to the North Pole, and it will continue cov-

ering the sphere as shown in Fig. 3, passing alternately
To obtain the last equality we applied the relationships utithrough its poles. Figure 3 shows that the spiral is antisym-
lized to obtain Eq(2.4) and the definition of Eq(2.6). metric with respect to a reflection on the equatorial plane
The right-hand side of Eq3.1) may be taken as the de- (the proof is left to the readgrthat it is periodic in a sense
fining relationship of another of the Jacobian elliptic func-that will be discussed in Sec. V, and that the elliptic func-
tions, denoted by dis{m): tions sn and cn fom=0.1 are still close to their trigonomet-
dn(s|m) = cosa 32 ric counterparts. _ _
' ' Apart from certain special casésee Sec. IV, every point
Hence, if we travel a distancefrom the North Pole along of the sphere is crossed twice by the spiral, except the North
Seiffert’s spiral, the cosine of the angle formed at that pointand South Poles, which are crossed infinitely many times.
with the N—S meridian equals the Jacobian elliptic functionThe length of the spiral is infinite, unless it forms a closed
dn(s|m). curve (see Sec. VL
Conside? the casem=0. The first equation 0f2.10 Figure 4 shows an example for=0.8. Here, the Jacobian
shows that¢ remains zero for ang. Therefore we travel elliptic functions already differ markedly from the trigono-
along the meridian from the North to the South Polesas metric functions and, since the spiral section between two
increases from 0 ter and by looking at the meridian circle successive pole crossings is considerably longer than the
(Fig. 1) we see thas=#6, p=sins, z=coss, a=0. From length of half a meridian circle, the half-periogee Sec.
Egs.(2.10 and(3.2) it follows that V) is 2K(|0-8)%4-51- 0 1. the angla, -
. As we letmincrease toward 1, the an at which the
sn(s|0)=sins, cn(s|0)=coss, dn(s|0)=1. (3.3 spiral crosses the meridian at the equator approaches 90°.
Equations(3.3) show that the trigonometric functions are This follows from the fact thap=sn(s|m)=1 on the equa-
special cases of the Jacobian elliptic functions. tor, and Eq.(3.1) with m=1 then implies dng|m)=cosa
For travelers, it is quite disagreeable to change direction-0. This means that fom=1 the spiral never crosses the
suddenly or what amounts to the same thing, to have cusps gquator. In fact, it winds around the globe in the northern
the flight curve. Therefore, at the South Pole we do not rehemjsphere, asymptotically approaching the equator, because
verse direction and mount along the meridign=0, but jts lengths, given by the integral in Eq2.7), becomes infi-
rather we continue smoothly and, according to the rulenjte for z=0 in the casen=1. The three elliptic functions
adopted in Sec. ll¢ remains zero. Thus we complete a full ang a finite portion of Seiffert’s spiral are shown in Fig. 5 for
meridian circle. The rule concerning will also ensure the ihis exceptional case=1.

absence of cusps fan>0. Of course, points differing in Form=k=1, Eq.(2.2) reduces top=s and from Fig. 2
their ¢ coordinates by multiples of2are to be considered o see that '

identical.
Whenm+#0 butm<1, the surface velocity of the traveler . pdo
is high compared to the velocity he/she would need to have if ~ Sina=—3—==p. (3.9

he/she wanted to fly around the equator in one day (

=1). To limit his angular velocity, the N-S componentwof  On the other hand, since si%-p, it follows that
has to be large compared to its E-W component. Hence, the
curve defined by Eq2.10 will make a small angler with a=0. (3.5
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Fig. 4. Left Heavy line: The section
0.5l between s=0 and s=3.57 of A
Seiffert's spiral form=0.8. The pa-
rameters is the arclength. The full pe-
riod of the spiral(return to the North
Pole is 4K(0.8)=2.87w. The skel-
eton outline of the unit sphere is
shown for guidanceRight The func-
-0.5 tions sn|0.8) (starting at 0,
cn(s|0.8) (starting at 1, dn(s|0.8) (al-
ways >0) for 0<s<3.57.

-1

Hence, form=1, the spiral has the property that at every p, is the maximum distance of the spiral from the N—S axis.
point the anglex that it makes with the meridian equals the From Eq.(2.9),

latitude 6. Moreover, the integrals in Eq£2..5), (2.7), and . I

f(gl.lgvgs?hg? expressed by inverse hyperbolic functions and it 2, =min[cn(s|m)]= /1_ = for m>1- 4.2
sn(s|1)=tanh(s), z, is the latitude of the lowest point of the spiral.
cn(s|1)=dn(s|1) = am(s|1) = secks). (3.6) forFrlgir]e-z?&shows the spiral and the three elliptic functions

(The function am¢/m) will be defined in Sec. V. If one were only interested in the elliptic functions them-

selves and not in Seiffert’s spiral, it would not be indispens-

able to study the case>1, because there exist certain reci-

procity relations which allow one to express the elliptic
Up to this point we have considered spirals with<1.  functions for anym>0 in terms of those for td. We will

Now we want to investigate Seiffert's spiral for>1. This  derive these relations, again by geometric considerations in

case arises when the surface speed of the flying machine 2€¢. VII.

low. If the angular velocity is to remain the same as at high

surface speed, the flying machine must stay close to the

North Pole, so as to circle the globe in a short time. IndeedY: THE PERIODICITY OF THE JACOBIAN

when m>1 the spiral stays entirely in the northern hemi- ELLIPTIC FUNCTIONS

sphere. Without any calculations we may conclude that when

m>1, p remains small for alk, hence the function ssfm)

V. LOW SPEED TRAVEL

We limit our discussion to the Jacobian elliptic functions
will be small in absolute value. In contragt,and therefore of rga_l argL_Jments. F.orm<1, Seiffert’s spiral is close to the

. ' : o . meridian circle and its segments lying between any two suc-
cn(s|m), will be clqsg to1 f(,)r alls in this case. Figure 6 cessive passages of the same pole are congruent in that they
shows the three elliptic functions fon=10. We denote the  can he mapped into each other, together with their direction
lowest point of the spiral by the subscriptAt L the spiral is  of passage, by a rotation around the N—S axis. We leave the
tangent to a circle of latitude, hence egs=0. From Eq.  proof of this congruence to the reader. Because of this con-

(3.1 it follows that at that point gruence, a segment between two successive passages of the
1 same pole is considered theriod of the spiral. The lengtls
pL=maxsns|m)]=— for m>1. (4.1) of the arc between the pole and the equator, which of course
Jym depends omm, is called the complete elliptic integré&l(m)

Fig. 5. Left A. Seiffert’s spiral form
=1 shown on the unit sphergimu-
lated by the shaded surfgcbetween
the arclength parameter valuss-0
ands=3s. The curve approaches the
equator asymptotically.Right The

0.2 three Jacobian elliptic functions
sn(s|1)=tanh§) (starting at O and
o : cn(s|1)=dn(s|1)=sech§) betweens
0 2 b & ¢ s =0 ands=3.
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sn(s [10)

dn(s|10)

0 0.5 1 1.5 2 S

Fig. 6. The Jacobian elliptic functions fon=10 in the interval betwees
=0 and s=4K(10)=2.04. From Egs.(4.) and (4.2, p_ =0.31, z,
=0.949.

of the first kind, and is given by Ed2.5 with the upper
limit p=1. The total length of the period is thusS4i.e.,
4K(m), and this is also the period gf=sn(s|m) and z

cn(s|m)=cos ants|m), (5.4
and, as easily verified,
m srf(s|m) -+ dré(s|m)=1. (5.5

Since 4 takes the same value if we ad&4o the length of
the spiral, the period of ars(m) is 4K(m).

As was shown in Sec. IV, whem>1 Seiffert's spiral
stays in the northern hemisphere, and this fact changes some
of the periodicity properties of the Jacobian elliptic func-
tions. The coordinate still has the same periodkdm) as
for m<1, since it returns to zero with the same slapgds
at every second crossing of the North P@ee Fig. 7, butz
and cosx reverse their roles. For details, see Ef5) of this
paper.

VI. SEIFFERT'S SPHERICAL SPIRAL AS A
CLOSED CURVE

We would like to find out under what conditions Seiffert’s

=cn(s|m), which return to their starting values for the first spiral is a periodic function on the sphere, or in other words,
time with the same derivative after a full period of the spiral.when does it form a closed curve? This question is different
Unlike the other two Jacobian elliptic functions, the periodfrom the question concerning the periodicity of the elliptic
of dn(s|m) is 2K(m). This can be understood from the fact functions since these are always periodic except wien
that dn, which is the cosine of the angle between the spirak 1. Precisely in this case, the spiral cannot be a closed

and the meridian, equals unity at each pole crossing; henceurve, since it approaches the equator in an asymptotic fash-

the period of dng|m) is 2S.
We take this opportunity to introduce here one m@oe

ion. As we shall see, whem=+ 1 there are infinitely many
values ofm for which the spirals form closed curves with

this paper, the lastelliptic function: the so-called Jacobian interesting properties.

amplitude amg|m). It turns out that this is simply the angle

We first consider the casm<1, for which the spiral al-

¢ introduced with reference to Fig. 1. In fact, the usual defi-ways passes alternately through the North and South Poles of
nition of am(s|m) is that of being the inverse function of the the unit sphere. The condition for the spiral to be a closed

integral
0 de’
s(0.k)=| —m—m. (5.9
0J1-K?sirf ¢’

Expressingds® in terms of # and d6, using p=siné, z
=cos#h, andd¢?=k?ds?, the relation Eq(5.1) follows im-
mediately. Therefored is the inverse function ad( ,m) and

curve may be expressed by requiring that the flying machine,
starting at the North Pole at some longitudig and having
traveled some distanc®,, returns to the North Pole at the
angle

¢dn=cdot+2mn with n a positive integer. 6.9

This passage may not be the first return to the North Pole,
but we assume that it is the first return at the angle In

this situation, the returning branch of the spiral coalesces
smoothly with the starting branch and the curve is periodic.
Without loss of generality we may sef;=0. Since at the
North Polep=0, we requirgsee Eq(2.10]

am(s|m) = 4(s|m). (5.2
It follows from the geometry of the sphere that

sn(s|m)=sinanis|m), (5.3

1

0.5

0

-0.5

-1

Fig. 7. Left The spiral form=1.25. Form>1, the curve stays in the northern hemisphere above the latitudarcsinm 2 =63°. A piece of lengtrs
=32 is shownRight The three Jacobian elliptic functions for=1.25. Because of the reciprocity relatioisee Sec. V), sn(s|1.25) (starting at § can be
scaled to coincide with ss[0.8) and cng|1.25) (always positivg and dng|1.25) can be scaled to coincide, respectively, withsth@) and cng|0.8)
[compare with Fig. 4; note that, according to E¢&6)—(7.8), both the ordinate and abscissa have to be staled
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£f(m)

/

]

0 0.2 0.4 0.6 0.8 1

Fig. 8. The functionf(m)=2mK(m)/ plotted againstn, the parameter
of the Jacobian elliptic functiond(m) is the complete elliptic integral of
the first kind. For those values of for which f(m) is a rational number,
Seiffert’s spiral is a closed curve.

sn(s,|m)=0. (6.2

Using s= ¢//m, (m#0) [Eq. (2.10], the condition of re-
turn at the anglep, is®

sn=—7Tn, with n a positive integer. (6.3
Jym
Here,s,, denotes the length of the closed spiral.
Combining Egs(6.1) and(6.3), this leads to
r(zw m| =0 (6.4
sn —n|m|=0. .
Jym

Since sn§|m) is a periodic function with period K(m),
whereK(m) is the complete elliptic integral of the first kind,
and si0|m) =0, Eq.(6.4) requires

2

Jm

Hence, the spiral will be a closed curvenifis so chosen that

n=4K(m)p, p=integer.

2
f(m)=—VmK(m)

n
25’ with p and n positive integers, m<1.

(6.5

We suppose that common factorspéndn have been can-
celed out, since they are irrelevant to our problem.

The functionf(m) defined by Eq(6.5) varies between 0
and «© when m varies between 0 and (see Fig. 8 The
rational numbers/p form a dense set over every interval
from O to «; therefore there will be infinitely many closed
spirals for any interval of values aof. Of course, the value of
m which corresponds to a particulafp can only be found
by a numerical, and therefore approximate, solution of the
transcendental equatidf.5).

The integerg andn each have an interesting geometrical
interpretation. Since is the number of periods of ss|(n)
completed before the spiral closes for the first time and in
every periodp=sn(s|m) has two zerosp equals the number
of times the closed curve passes each pole. On the other
hand,n gives the number of times the curve circles the N-S
axis. Some examples of these closed spirals are shown in
Fig. 9.

Whenm>1, the spiral is located entirely in the northern
hemisphere. Since it does not reach the equator, the complete
elliptic integral does not play a role in the question of peri-
odicity, as it does fom<1. Without going into details, we
state that periodicity occurs for those valuestofor which
the following equation holds:

n=1 p=4 n=1

m=0.060584

p=1

m=0.628415

n=4

m=0.999944

Fig. 9. Examples of Seiffert’s closed spirals for a choice of parameter vaises which satisfy Eq(6.5), i.e., f(m)=n/p. The spiral passes each pge

times and circles the spheretimes.
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on the unit sphere, it is clear from the projection method
used to create sp 2 that

¢'=¢, p'=p=sind=Rsing’. (7.2

From Eq.(2.4) we eliminatep in favor of 8’ using Eqs(7.2)
and (7.1 to obtain

de’
\/EdSZ—. (7.3

1
1- —sirf ¢’
m

Since the integral of the right-hand side of E@.3) is the
/ elliptic integral of the first kind in its standard form, its in-
7”7 (HT A verse function is the Jacobian elliptic function; hence,

sin0’=sr( \/ﬁ%%) (7.9

On the other hand, from E¢2.10

/,

i~ ..-‘—"_':‘." 4
——

sinf#=sn(s|m), (7.5
Fig. 10. An example of a closed Seiffert's spiral for>1, wherem therefore, using E¢(7.2), it follows that
=1.000 055 809 6 is a solution of E¢6.6) with p=4 andn=1. ' R
1
sr( Jﬁ%) _ Jmsnslm). 7.6

This is the desired relationship connecting the sn functions
with reciprocal parameters. Finally, with Eq2.9) and(3.1)

we deduce from Eq.7.6) that

with p and n positive integers,m>1.

1
6.6 cn( Jmd m) _ dn(sim) .7
Figure 10 shows an example of the closed spiralnfior 1.
and

VII. RECIPROCITY RELATIONS

dn( Jms %) =cn(s|m). (7.9
The Jacobian elliptic functions obey certain reciprocity re-
lations 7 which connect the functions with parametarto It should be remembered thais the length of arc of the
functions with parameter f. original, not the projected, spiral.

It is thus sufficient to study the behavior of these functions Figure 11 shows Seiffert's spiral faon=0.358, together
for m<1. Nevertheless, we have discussed Seiffert's spiral¥ith its northward parallel projection onto the sphere of ra-
for all m>0 because the analytic relationships between thélius R=1/Jm. The spheres are not shown.
functions with reciprocal parameters cannot be translated
into simple geometric relationships between the correspond-

ing spirals.
Despite this fact, Sieffert's construction can be used toV“I' STARTING THE TRIP ANYWHERE

derive the reciprocity relations, as we shall now show. The North Pole may not be everybody’s favorite starting
Let us consider one of Seiffert's spirals, sp 1, constructedsint for circling the giobe in one day. We have chosen this
for m<1 on the unit sphere, and imagine a second concerstarting point to facilitate the comparison of spirals of differ-

tric sphere of radius

1
R= — (7.0

N

ent parametersn. Given a certain surface velocity, if m
=a?/v?<1 (a=2m per day, see Sec.)|Ithe starting point
of the spiral can be anywhere on the sphere.

If the velocity is small, so thain>1, then the coordinate

being placed around the unit sphere. We project sp 1 upode Of the starting point has to satisfy the condition, arising
the northern half of the larger sphere, the projection beingrom Eg. (4.2), that

parallel to the N—S axis. We call the curve so obtained sp 2. 1
Zp>ZL: 1- E, (81)

To anticipate, let us remark that even though sp 2 is a spiral,
it is not a Seiffert spiral insofar as there is no linear propor-

; it 8 ; / idi L .

tionality ® between its arclengts’ and the meridian angle pecause in this case the spiral stays on the part of the sphere
¢', i.e., ¢’ #(consty'. This means that if we wish to fly at wherez>z, .

constant angular velocity¢/dt along sp 2, we have to vary  |n either case, the spiral obtained startingPas just a part

our velocityds'/dt. Nevertheless, sp 2 has some interestingof the Seiffert’'s spiral with parametem which passes
properties. If we denote the coordinates on the larger sphetbroughP and which we have studied in the previous sec-
by ¢', p', ¢, Z by analogy with the unprimed coordinates tions.

894 Am. J. Phys., Vol. 68, No. 10, October 2000 Paul &do 894



Inspired by literature, they may choose eighty days, or if
aspiring to set a record, they may want to do the trip in less
than a day. It is left to the readers to convince themselves
that, as long as the conditions of constant surface and angular
velocities are maintained, they must travel on a Seiffert's
spiral.
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Our last remark concerns those travelers who wish to = s/1=(1—m)si(x[m)dx, and sincesis linearly proportional tap, s’
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Fig. 11. An example of a Seiffert spiral witm=0.358 and its parallel
projection on a concentric sphere of radRis 1/\/m. The properties of the
projected curve are used to derive the reciprocity relations, Ed®—(7.8)
of the Jacobian elliptic functions. Since H§.5) is satisfied withn=2 and
p=3, the curves are closed.

SPEAKING HUNGARIAN

Fermi, Rossi, |, and perhaps some other lItalian-speaking physicist, were lunching one day
during this period at Fuller Lodge, and as usual, we slipped into Dante’s language; as usual,
talking loudly. General Groves was nearby, and he let us know that he did not like us speaking
Hungarian(!) in public; he delicately hinted that if we wanted to speak foreign languages, we had
better go into the woods.

Emilio Segre A Mind Always in Motion—The Autobiography of Emilio Se@uaiversity of California Press, Berkeley,
1993, p. 182.
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