Fall 2021 Math 537 Lecture Variation Parameters Solutions

1. (3pts) The homogeneous ODE:

-2 0 0
x=| 0 -1 1]x,
0 -1 -1
has its matrix in Jordan form. It is easy to see that the eigenvalues are A = —2, —1 £ 4. It follows
from the lecture notes that the fundamental solution to this ODE is easily written:
e 0 0
(t)y=| 0 e fcos(t) e 'sin(t)

0 —etsin(t) e tcos(t)
From the Corollary of Abel’s formula, we show that |®(¢)| # 0

e 0 0
0 etcos(t) etsin(t) | = e
0 —etsin(t) e tcos(t)

e teos(t) e lsin(t)
—etsin(t) e tcos(t)

= 2 (e_2t cos?(t) + e *sin®(t)) = e *(1) # 0.
Thus, we have a fundamental solution, ®(¢).

2. (5pts) From the lecture notes, we have the variation of parameters formula:

x(t) = ®(t)® (to)xo + D(1) /t d1(s)g(s) ds.

to

The nonhomogeneous ODE:

-2 0 0 e 2t Z10
x = 0 -1 1]|x+1| 1 ], z(0) = [ z20 |,
0o -1 -1 t 30

has the fundamental solution, ®(¢), from above. It is easily seen that:
672t 62t 0 0
gity=1| 1 and O 't)=| 0 elcos(t) —elsin(t)
0 elsin(t) elcos(t)
We begin by finding the particular solution with the help of Maple to solve the integrals. First we
compute the integral in the formula:

t
¢ t 1 ¢ . .
/ CI)_l(s)g(s) ds = / e®(—ssin(s) 4 cos(s)) | ds = %(t cos(t) — tsin(t) + sm(t))
0 0\ e*(scos(s) +sin(s)) %(1 + €' (t cos(t) + tsin(t) — cos(t)))

Again with the help of Maple, we multiply this result by ®(¢) to obtain the particular solution to
this nonhomogeneous ODE, giving the following:

t6—2t

e~ tsin(t)

xp(t) = % + 2

e~ cos(t)




Since ®~1(0) = I, the solution is given by x(t)
given by:

O (t)xo + xp(t). It follows that our solution is

z10e” % te™*
x(t) = | wae tcos(t) + xzzpetsin(t) | + L4 e_tsgn(t)
_ —t gj —t t 1, e tcos(t)
x90e " sin(t) + wgpe " cos(t) £ 14 e cost)
3. (3pts) The homogeneous ODE:

. 0 1

is transformed into a Cauchy-Euler equation by letting y(t) = z1(t)
y' =d1 =x9,50 y" = @9 =2 22y — 2wy =2t 2y — 2t 1y’, s0

The system above shows
t2y” + 2ty — 2y = 0.
Trying y(t) =t in the ODE above gives:

general solution:

t"(r(r—1)+2r —2) =t"(r* +r - 2) =0,
which gives the auziliary equation (r 4+ 2)(r — 1) = 0. Thus, the Cauchy-Euler equation has the

1

y(t) = 13 + cot,
giving two linearly independent solutions, yi(t) = t% and ys(t) = t. We create a fundamental
solution by letting the first row be these solutions and the second row being their derivatives.
Thus, we take

O(t) = :
(-ﬁ J
From the Corollary of Abel’s formula, we compute det |®(t)|, so

= ot 12 3
_t% 1
It follows that this is a fundamental solution.

pta=p7l

x(t) =

4. (5pts) From the lecture notes, we have the variation of parameters formula:
The nonhomogeneous ODE:

O(t)d (tg)xo + B(t) /t dY(s)g(s) ds

to
. 0 1 6t
X= g2 _gp1)X T

_ (=10
9t4> ’ l‘(l) - <$20> ’ > 07
has the fundamental solution, ®(¢), from above. It is easily seen that:

6t A
— 3 3
g(t) = (9t‘4> and i} 1(t) = <2 . ) .
3t 3



We begin by finding the particular solution to solve the integrals. First we compute the integral in

the formula:
t4

t t (283 -3 L1 _3In(t
/ o 1(s)g(s) ds :/ Jds=(2 ° Q .
1 1 \ 4+ 3 At —3—
With the help of Maple we multiply this result by ®(¢) to obtain the particular solution to this
nonhomogeneous ODE, giving the following;:

1 4 9t*—6t3—61n(t)—3
%(t) = <t2 t) ('52—2—31n(t)> B 212
p(t) = =
_t% 1 At — 3 — %3 3t4—3t:3—|—61n(t)

The homogeneous part satisfying the ICs gives:

1 1 1 1 2 1
_ 1 (7wt (3 =3\ (z) (et F)m0+ (-5 +5) 220
xp(t) = ()2 (to)xo = | s )= , o .
—w 1) \5 3 20 (=3 +5) m0+ (55 + 3) 220

It follows that the solution is given by:

t 9t*—6t3—61n(t)—3
5) v20 + 212

+
x(t) = xp(t) +xp(t) = i
g+ B ot (gt ) L



