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Abstract

A mathematical model for regulation of the tryp-
tophan operon is presented. This model takes into
account repression, feedback enzyme inhibition, and
transcriptional attenuation. Special attention is
given to model parameter estimation based on ex-
perimental data. The model's system of delay dif-
ferential equations is numerically solved, and the re-
sults are compared with experimental data on the
temporal evolution of enzyme activity in cultures of
E. coli after a nutritional shift (minimal + trypto-
phan medium to minimal medium). Good agreement
is obtained between the numeric simulations and the
experimental results for wild type E. coli, as well as
for two di�erent mutant strains.

1 Introduction

The term operon was �rst proposed in a short pa-
per in the proceedings of the French Academy of Sci-
ences in 1960 [1]. From this paper, the so-called gen-
eral theory of the operon was developed. This theory
suggested that all genes are controlled by means of
operons where an operon consists of a set of genes
preceded by a small DNA segment (the operator), in
which the regulatory process takes place. Accord-
ing to the original theory of the operon, there was
one single feedback regulatory mechanism, known as
repression: a repressor molecule binds the operator,
inhibiting transcription initiation. Later, it was dis-
covered that the regulation of genes is a much more
complicated process. Indeed it is not possible to talk
of a general regulatory mechanism, as there are many,
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and they vary from operon to operon. The current
de�nition of operon is a single transcriptional unit,
no matter what its regulatory system is. The regula-
tory system need not be included [2]. Despite mod-
i�cations, the development of the operon concept is
considered one of the landmark events in the history
of molecular biology.
Shortly after the operon concept was presented, a

mathematical model for it was proposed [3]. Bliss et
al. [4] proposed a more detailed model for the tryp-
tophan operon that considered repression and feed-
back inhibition. The system's inherent time delays
due to transcription and translation were also taken
into account. More recent experimental results re-
veal that the dynamics of the interaction between re-
pressor and tryptophan molecules are di�erent than
considered in Bliss' model. Furthermore, the Bliss
model did not take into account another regulatory
mechanism at the DNA level, which was discovered
later and is called transcriptional attenuation. More
recently, other models have been proposed [5, 6, 7].
They take into account (with more detail) the inter-
actions among the repressor molecules, the operon,
and the operon end-product (tryptophan). Never-
theless, they consider neither feedback inhibition nor
transcriptional attenuation, and neglect the inherent
time delays.
We present a mathematical model of the trypto-

phan operon regulatory system. This model consid-
ers repression, enzyme feedback inhibition, and tran-
scriptional attenuation, as well as the system's in-
herent time delays. In Section 2, an outline of the
mathematical model is presented. A list of the model
variables and symbols is given in Table 1. The model
equations are shown in Table 2. A list of all the pa-
rameters and their estimated values is given in Table
3. The variables' steady-state values are presented
in Table 4. In Section 3, the numerical method used
to solve the model equations is described. The pro-
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cedure to numerically simulate a given set of exper-
iments and the comparison of the theory with the
experiment are given. Some concluding remarks are
given in Section 4, along with a discussion about the
feasibility of the model and possible future directions.
Supplementary material is given in two appendices.

The equation for the dynamics of repression is derived
in Appendix A. This is a partial result in the devel-
opment of the model. The estimation of all the model
parameters is described in Appendix B.

2 The model

In this section we introduce a mathematical model of
the trp operon regulatory system. A schematic repre-
sentation of this regulatory system is given in Figure
1. As any other model, the present one is oversim-
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Figure 1: Schematic representation of the tryptophan operon

regulatory system. See the text for details.

pli�ed in some sense. Many simplifying assumptions
(discussed below) are made during its development.
However, it is our premise that the model still consid-
ers enough of the system essential characteristics, in
order to reproduce some experimental dynamic obser-
vations. In Table 1, a list of the model independent
variables is presented. The exact meaning of each one
is discussed in the forthcoming paragraphs.

For the purpose of the present model, the tryp-
tophan operon is considered to be constituted by
the major structural genes, preceded by a control-

O Total operon concentration

OF Free operon concentration

MF Free mRNA concentration

E Total enzyme concentration

EA Active enzyme concentration

T Tryptophan concentration

R Total repressor concentration

RA Active repressor concentration

P mRNA polymerase concentration

� ribosomal concentration

D mRNA destroying enzyme concentration

Table 1: Model variables and symbols

ling section, where both repression and transcription
initiation take place. Consider all the trp operons
in a bacterial (E. coli) culture. The controlling sec-
tions can be in one of three di�erent states: Free
(OF ), repressed (OR), or bound by a mRNA poly-
merase (OP ) (here, the same symbols are employed
to represent the chemical species and their concentra-
tion, unless otherwise stated). We assume that there
is a single type of repressor molecule, produced by
the trpR operon, whose active form competes with
mRNA polymerase (mRNAP) to bind free control-
ling sections. Let RA denote the concentration of
active repressor molecules. The repression process is
assumed in this model to be a �rst order reversible
chemical reaction with forward and backward rate
constants kr and k

�r, respectively. These constants
are estimated in Appendix B and tabulated in Table
3. On the other hand, when a mRNAP binds a free
operon, the DNA-mRNAP complex has to undergo a
series of isomerizations before it can assemble the �rst
mRNA nucleotide. We assume that this whole pro-
cess takes place with a rate proportional to the free
operon and mRNA polymerase (P ) concentrations,
with a rate constant represented by kp. After that,
the mRNAP starts moving along the operon, synthe-
sizing the mRNA chain. A time �p after the mRNAP

binds the controlling section, it has moved far enough
to free the operon, which is then available to be bound
by another mRNAP or a repressor molecule. The pa-
rameters kp, P , and �p are estimated in Appendix B
and tabulated in Table 3. All these considerations,
along with the assumption that the bacterial culture
is exponentially growing at a rate �, allow us to write
down the equations governing the dynamics of OF .
In doing this, we point out that the estimated val-
ues of kr, k�r, and kp reveal that the binding rate
of repressor molecules to free operons is two orders
of magnitude larger than the corresponding binding
rate of mRNAP's. This fact justi�es a quasi-steady
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state assumption for the repression process. From all
this, the resulting equation for the dynamics of OF is
given by Equation (1) of Table 2. The details of its
derivation are given in Appendix A.

dOF

dt
=

Kr

Kr +RA(T )

n
�O � kpP

�
OF (t)

�OF (t� �p)e
���p

�o
� �OF (t) (1)
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�
(2)
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�
1�A(T )

�

�k��
�
MF (t)�MF (t� ��)e

����
�

�

�
kdD + �

�
MF (t) (3)

dE

dt
=

1

2
k��MF (t� �e)e

���e

�

�
 + �

�
E(t) (4)

EA(E; T ) =
KnH
i

KnH
i + TnH (t)

E(t) (5)

RA(T ) =
T (t)

T (t) +Kt

R (6)

G(T ) = g
T (t)

T (t) +Kg

(7)

F (T; Text) = d
Text

e+ Text [1 + T (t)=f ]
(8)

dT

dt
= KEA(E; T )�G(T ) + F (T; Text)

��T (t) (9)

Table 2: Equations describing the evolution of the
variables OF , MF , E, and T . See the text for the
details on their derivation

The mRNA molecules synthesized by transcription
encode �ve di�erent polypeptides. These polypep-
tides are used to build up the enzymes which partic-
ipate in the catalytic pathway that synthesizes tryp-
tophan from chorismic acid. The �rst enzyme in this
pathway (anthranilate synthase) is a complex of two
TrpE and two TrpD polypeptides, which are respec-
tively the �rst and second proteins encoded by the trp
mRNA. From the regulatory point of view, anthrani-
late synthase is the most important of the enzymes
in the catalytic pathway. This is because it catalyzes
the �rst reaction in the tryptophan synthesis path-
way and because it is subject to feedback inhibition
by tryptophan. Since there is evidence supporting
the assumption that the production rates of all of
the �ve polypeptides encoded by the trp mRNA are

very similar under normal conditions [8], we focus
on the production of TrpE polypeptide and assume
that the anthranilate synthase production rate is just
one half that of TrpE. Let MF represent the concen-
tration of free TrpE-related ribosome binding sites.
MF increases due to transcription. Nevertheless, not
all of the mRNAP's that initiate transcription pro-
duce functional mRNA's. Many of them terminate
transcription prematurely depending on the availabil-
ity of charged tRNATrp. The higher the concentra-
tion of charged tRNAtrp, the more probable that a
transcribing mRNAP aborts transcription at a pre-
mature stage. This regulatory mechanism is known
as transcriptional attenuation. Since the amount of
charged tRNATrp depends on the tryptophan con-
centration, we assume that the probability of prema-
ture transcription termination

�
A(T )

�
is just a func-

tion of the tryptophan concentration. The functional
form of A(T ) is given by Equation (2) of Table 2 and
discussed in Appendix B. From this, if �m is the
time it takes for a mRNAP to assemble a functional
TrpE-related ribosome binding site, the MF produc-
tion rate equals the rate of mRNAP's that bound free
operons a time �m ago

�
kpPOF (t� �m)

�
times a fac-

tor e���m , standing for the dilution due to the expo-
nential growth, times the probability of a just bound
mRNAP to produce a functional mRNA

�
1�A(T )

�
.

After a ribosome binds a free TrpE-related binding
site, the mRNA-ribosome complex must su�er a se-
ries of isomerizations before it can assemble the �rst
peptide bound. Here we assume that this whole pro-
cess takes place with a rate proportional to MF and
to the ribosomal concentration �, with a rate constant
denoted by k�. After that, the ribosome moves along
the mRNA performing translation. A time �� after
binding, the ribosome has moved far enough to free
the binding site. Thus, MF is a�ected by translation
initiation in the following way: In an in�nitesimal pe-
riod of time it decreases in an amount equal to the
rate of ribosome binding and initiating translation,
and increases by an amount equal to the rate that
ribosomes bound and initiated translation a time ��
ago, times the corresponding dilution factor. mRNA

degradation is an active process carried out by dif-
ferent types of enzymes [9]. Following McAdams and
Arkin [10] we consider in this model a single pool
of mRNA destroying enzymes (D) and assume that
they cause MF to decrease with a rate proportional
toMF and D, being the rate constant denoted by kd.
The equation governing the dynamics of MF derived
from all the above considerations and the exponential
growth assumption is given by Equation (3) of Table
2.

Let E denote the anthranilate synthase concentra-
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R ' 0:8�M O ' 3:32� 10�3 �M

P ' 2:6�M k
�r ' 1:2min�1

� ' 2:9�M kr ' 460�M�1min�1

�p ' 0:1min k
�i ' 720min�1

�m ' 0:1min ki ' 176�M�1min�1

�� ' 0:05min k
�t ' 2:1� 104min�1

�e ' 0:66min kt ' 348�M�1min�1

 ' 0min�1 kp ' 3:9�M�1min�1

kdD ' 0:6min�1 k� ' 6:9�M�1min�1

nH ' 1:2 � ' 1:0� 10�2min�1

b ' 0:85 c ' 4:0� 10�2 �M

Kg ' 0:2�M g ' 25�Mmin�1

e ' 0:9�M d ' 23:5�Mmin�1

f ' 380�M K ' 126:4min�1

Table 3: The model parameters as estimated in Ap-
pendix B

tion. As mentioned above, this enzyme is the most
important from a regulatory point of view because is
the �rst one to catalyze a reaction in the Trp syn-
thesis catalytic pathway and because it is subject
to feedback inhibition by tryptophan. Anthranilate
synthase is a complex of two TrpE and two TrpD

polypeptides. However, we focus on the TrpE pro-
duction only (based on the fact that the production
rate of all the trp polypeptides is similar under nor-
mal conditions [8]) and assume that the anthranilate
synthase production rate is just one half that of TrpE.
If �e is the time it takes for a ribosome to synthesize
a TrpE polypeptide, the TrpE production rate equals
the ribosome binding rate delayed a time �e, times
the corresponding dilution factor. From this, the ex-
ponential growth assumption and supposing that en-
zymes are degraded at a rate given by E ( is the
enzymatic degradation rate constant), it is possible
to derive the equation governing the dynamics of E,
given by Equation (4) of Table 2.

Anthranilate synthase is feedback inhibited by
tryptophan. This is achieved by the binding of two
Trp molecules to each one of the TrpE subunits of
anthranilate synthase. The binding of these two Trp

molecules is not instantaneous but sequential and co-
operative, with a Hill coeÆcient of nH ' 1:2 [11].
The forward (ki) and backward (k

�i) reaction rate
constants of the Trp feedback inhibition of anthrani-
late synthase reaction are estimated in Appendix B
and tabulated in Table 3. A comparison of ki and
k
�i with k��, �, and  (also tabulated in Table 3)
reveals that the feedback inhibition of anthranilate
synthase is at least two orders of magnitude larger
than the enzymatic production, degradation and di-

lution processes. This in turn justi�es a quasi-steady
state assumption for the feedback inhibition process.
From this, the concentration of active (non-inhibited)
anthranilate synthase can be calculated as given by
Equation (5) of Table 2 [4], where Ki = k

�i=ki.

The tryptophan operon repressor TrpR is pro-
duced by an independent operon which is negatively
feedback regulated by active TrpR. When produced,
TrpR molecules are inactive (aporepressor) and un-
able to repress the trp and trpR operons. It becomes
active when is bound by two tryptophan molecules
at two independent sites with identical aÆnities and
no cooperativity [12, 13, 14, 15]. The value of the
forward (kt) and backward (k

�t) rate constants of
the repressor activation reaction are estimated in Ap-
pendix B and given in Table 3. From this, we ob-
serve that the repressor activation rate is about two
orders of magnitude larger than the rate of active re-
pressor molecules binding free operons and initiating
transcription. Repression activation can then be as-
sumed to take place in a quasi-steady state. All these
determine the relation between the active repressor
concentration, the tryptophan concentration, and the
total repressor concentration (R) given by Equation
(6) of Table 2, where Kt = k

�t=kt. The synthesis
of the trp aporepressor increases when tryptophan is
growth limiting, because the repressor autoregulates
its own synthesis. However, we assume that the to-
tal repressor concentration is constant. We do this
for the sake of simplicity and because of the lack of
enough experimental data in that respect.

Tryptophan is synthesized from chorismic acid by
a series of reactions catalyzed by enzymes built up
with the trp polypeptides. As argued above, of all
the enzymes, the most important from a regulatory
point of view is anthranilate synthase. From this, we
assume that Trp production is mostly dependent on
the active anthranilate synthase concentration (EA).
Indeed, the Trp production rate is taken as KEA,
with K a constant to be estimated. Tryptophan is
involved in the activation of the trp repressor and
in the feedback inhibition of anthranilate synthase.
However, here we assume both reactions take place
under quasi-steady state conditions. This means that
the rate of tryptophan usage by the forward reac-
tions equals the rate of tryptophan dissociation by
the backward reactions, and therefore that the Trp

concentration is not a�ected by the repressor activa-
tion and feedback inhibition of anthranilate synthase
processes.

Tryptophan is employed in the production of the
proteins the bacteria need to grow. The rate of tryp-
tophan usage in protein production is modeled by
the function G(T ) given by Equation (7) of Table
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OF ' 1:54� 10�4 �M

MF ' 3:78� 10�4 �M

E ' 0:378�M

T ' 4:1�M

Table 4: The steady-state values of the model vari-
ables corresponding to the parameter values shown
in Table 3 and a medium without tryptophan

2. The functional form of G(T ) is discussed in Ap-
pendix B. E. coli are capable of synthesizing three
di�erent permeases responsible for the active uptake
of tryptophan from the environment [16]. The func-
tion F (T; Text) that stands for the rate of tryptophan
uptake (Text represents the external tryptophan con-
centration) is studied in Appendix B and given by
Equation (8) of Table 2. The equation for the dy-
namics of T derived from all these considerations is
given by Equation (9) of Table 2.

Equations (1)-(9) constitute the complete system
of time-delay di�erential equations that model the
trp operon regulatory system. They have 28 param-
eters which must be estimated for the model to be
completely speci�ed. We emphasize the importance
of having proper estimations for all of these parame-
ters. Otherwise, it is impossible to expect the model
to reproduce the behavior of the real system. The
complete procedure followed to estimate the model's
parameters is described in Appendix B. These pa-
rameters are tabulated in Table 3. The steady-state
values of the model variables are shown in Table 4,
and these steady-state values correspond to bacteria
growing in a medium without external tryptophan.

3 Numerical results and com-

parison with experiments

Having the estimated parameters of Table 3, the sys-
tem of di�erential delay equations was solved numeri-
cally using a fourth order Runge-Kutta method. The
program was implemented in Fortran. The conver-
gence of the program was tested empirically. A time
step of 0:01min was found to represent a good com-
promise between accuracy and speed.

Yanofsky and Horn [17] report experiments with
wild and mutant strains of E. coli CY15000 strain.
These experiments consisted of growing bacteria in
the minimal medium of Vogel and Bonner [18] plus
tryptophan during a time long enough for the cul-
ture to reach the steady state. Then the bacteria
were washed and put into minimal media only. The
response of the anthranilate synthase enzyme activity

was measured as a function of time.
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Figure 2: Enzyme activity vs. time after a nutritional shift

(minimal + tryptophan medium to minimal medium), with

wild strain cultures of E. coli. Two di�erent sets of experimen-

tal results (crosses and pluses) as well as the model simulation

(solid line), with the parameters of Table 3, are presented. The

simulation was calculated by numerically solving the di�eren-

tial equations. The selection of initial conditions is described

in the text. The normal enzyme activity is that of the steady

state in a medium without tryptophan.

To simulate these experiments, we begin by setting
all the variables at their normal steady state values
(Table 4). These steady state values correspond to
the parameters in Table 3 and a medium with no
external tryptophan. For the wild strain of E. coli,
all the parameters have their normal values (Table 3).
The internal tryptophan concentration (T ) estimated
in Appendix B for a medium without tryptophan is
about 4:1�M. The minimal plus Trp media Yanof-
sky and Horn [17] employed in their experiments had
a tryptophan concentration of 100�g per milliliter of
minimal media, which corresponds to about four hun-
dred times the value of T . Based on this, we set the
external trp concentration Text = 400�T to simulate
the growth of the bacteria culture in the minimal plus
tryptophan medium. Then the system of di�erential
delay equations is numerically solved until the solu-
tion reaches a steady state. To simulate the shift of
the bacteria to the minimal medium, we ran another
numerical experiment where the initial conditions are
the steady state values of the variables in the mini-
mal plus tryptophan medium solution and the ex-
ternal Trp concentration is null. During this second
numerical experiment, the enzyme activity [the num-
ber of tryptophan molecules produced per unit time,
KEA (t)] is plotted as a function of time.

The results of two di�erent experiments from [17]
with a normal strain of E. coli are plotted (with
crosses and pluses) in Figure 2. The results of the
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numerical simulation are plotted with a solid line in
the same �gure. Since Yanofsky and Horn [17] re-
port values of enzyme activity in arbitrary units, to
compare with our simulation the experimental values
were scaled so the steady state values of the experi-
ment and the model were equal.
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Figure 3: Enzyme activity vs. time after a nutritional shift

(minimal + tryptophan medium to minimal medium), with

wild strain (crosses and pluses) and trpL29 mutated (circles)

cultures of E. coli. The numerical simulations for each strain

(solid lines), are also shown. The simulation for the trpL29

mutated strain was calculated by numerically solving the dif-

ferential equations with the parameters estimated in Table 3,

except for the parameter kp which was decreased to 0:04 times

the normal value to simulate the mutation. The selection of

initial conditions is described in the text. The normal enzyme

activity is that of the wild-strain steady state in a medium

with no tryptophan.

Yanofsky and Horn also report similar experiments
with trpL29 and trpL75mutant strains of E. coli. The
trpL29 mutant strain has a mutation A to G at bp 29
in the leader region of the trp operon. This change
replaces the leader peptide start codon by GUG, and
decreases operon expression in cells growing in the
presence or absence of tryptophan. This mutation
can be interpreted as decreasing the rate constant kp,
which determines the rate of polymerase binding free
operons and initiating transcription. We found by
trial and error that with a kp equal to 0:04 times the
normal value the numerical results �t the experimen-
tal data. To compare the experimental results and
the model predictions, the experimental results were
again scaled by the same factor as those of the nor-
mal strain. The results are shown in Figure 3. The
experimental results of this trpL29 strain are plotted
with circles. The wild strain data and simulation are
also shown for comparison.
The strain trpL75 of E. coli has a mutation of

G to A at bp 75 in the leader region of the trp

operon. This change decreases the stability of the
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Figure 4: Enzyme activity vs. time after a nutritional shift

(minimal + tryptophan medium to minimal medium), with

wild strain (crosses and pluses) and trpL75mutated (asterisks)

cultures of E. coli. The numerical simulations for each strain

(solid line), are also shown. The simulation for the trpL75 mu-

tated strain was calculated by numerically solving the di�eren-

tial equations, with the parameters of Table 3, except parame-

ter b, which was increased to 0:9996 to simulate the mutation.

The selection of initial conditions is described in the text. The

normal enzyme activity is that of the wild-strain steady state,

in a medium with no tryptophan.

transcription antiterminator structure, and increases
transcription termination at the attenuator. Conse-
quently, it decreases operon expression of cells grow-
ing in the presence or absence of tryptophan. The
probability that transcription is terminated at the
attenuator is given in the model by the function
A(T ) = b

�
1� exp (�T=c)

�
. Therefore, an increase in

the parameter b implies that the probability of tran-
scription termination increases for every tryptophan
concentration. The mutation of the trpL75 strain was
then simulated by increasing the value of b by trial
and error up to 0:9996. With this value, the simula-
tion �ts the experimental data reasonably well. The
experimental results (asterisks) and the simulation
results for this strain are shown in Figure 4, along
with those corresponding to the normal strain. In
this case, the experimental results are also scaled by
the same factor as those of the normal strain.

4 Concluding remarks

We have developed a mathematical model of the trp
operon regulatory system. In this model, the follow-
ing regulatory mechanisms are considered: Repres-
sion, feedback inhibition of anthranilate synthase by
tryptophan, and transcriptional attenuation. How-
ever, some other features are ignored or simpli�ed.
The most important to our consideration are: Only

6



one of the enzymes participating in the tryptophan
synthesis catalytic pathway is considered (anthrani-
late synthase). A single type of repressor molecules
(the end-product of the trpR operon) is taken into
account. The total (active + inactive) repressor con-
centration is assumed constant, despite the fact that
the trpR operon is negatively feedback regulated by
active TrpR and thus, the synthesis of the trp apore-
pressor increases when tryptophan is growth limit-
ing. The production rate of anthranilate synthase
is assumed to be one half that of TrpE. These sim-
plifying assumptions are particularly delicate under
conditions of low tryptophan concentration because
the synthesis of aporepressor molecules is increased
and because the production of the trp polypeptides
is a�ected since some of them have Trp residues. Al-
though there are more simplifying assumptions (ex-
plained in Section 2), we consider that they do not af-
fect the model behavior as the above ones do. Special
attention was given to the estimation of the model
parameters.

Comparison of the model simulations with exper-
imental results reveals that despite the simplifying
assumptions, the model qualitatively reproduces the
enzyme activity dynamic response of wild and, trpL29
and trpL75 mutant cultures of E. coli when they are
shift from a minimal plus tryptophan to a minimal
medium. As seen in Figures 2, 3, and 4, the steady-
state values are recovered for all the strains. The re-
laxation times are also qualitatively reproduced by
the model. Nevertheless, the relaxation time pre-
dicted by the model is larger than the real one in
the case of the wild strain. Better agreement is ob-
served for the trpL29 mutant strain. In the trpL75

mutant strain experimental results, a bump is ob-
served before the steady state is reached. The model
also predicts a bump, but it is smaller and shorter
in duration. All these di�erences between the ex-
periments and the model results may be due to the
simplifying assumptions or to a de�cient estimation
of some parameters.

In conclusion, although the comparisons reported
here are not suÆcient to assert that the present model
is accurate in all detail, the results are suÆciently en-
couraging to prompt us to seek further sources of data
for comparison. Future work would mean an interac-
tive cooperation between experiment and theory to
obtain better parameter estimations, to test the dy-
namic response of the model under di�erent circum-
stances, and to improve the model formulation.
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A Repression dynamics

As mentioned in the main body of the present
work, free operons (OF ) can be bound by either
mRNA polymerase molecules (P ) or active repressor
molecules (RA). After binding, the mRNAP-DNA

complex has to undergo a series of isomerizations be-
fore it can assemble the �rst mRNA nucleotide. This
whole process is assumed to take place with a rate
kpPMF (t). On the other hand, the repression pro-
cess is taken as a reversible �rst order reaction, with
forward and backward constant rates kr and k�r, re-
spectively. All the parameters involved in these pro-
cesses are estimated in Appendix B and shown in Ta-
ble 3. They reveal that repression is about two orders
of magnitude faster than the binding of mRNAP's to
free operons. This fact justi�es a quasi-steady state
assumption for repression, which implies the follow-
ing chemical equilibrium equation,

krOF (t)RA(t) = k
�rOR(t); (A.1)

whereOR(t) represents the concentration of repressed
operons. Let O denote the total operon concen-
tration and OP the concentration of operons with
a mRNAP in the controlling section. Assume that
DNA replication produces enough new trp operons
to balance dilution so that O keeps constant. Thus,
O = OF (t) + OR(t) + OP (t). By solving for OF (t)
from this and Equation A.1 we get:

OF (t) = O �OP (t)�OR(t)

=
Kr

Kr +RA(t)

�
O �OP (t)

�
;

(A.2)

with Kr = k
�r=kr.

After a mRNAP binds a free operon and assem-
bles the �rst mRNA nucleotide, it moves along the
operon continuing with transcription. It takes a time
�p (estimated in Appendix B) for a polymerase to
move far enough to free the operon controlling sec-
tion. From this, the binding rate of mRNAP to free
operons is kpPOF (t), while the rate of operons freed
by polymerases who have moved far enough equals
the rate of mRNAP's that bound free operons a time
�p ago, times a dilution factor due to the assumption
that the bacterial culture is exponentially growing at
a rate �, i.e.: kpPOF (t � �p)e

���p . The equation
governing the dynamics of OP resulting from all this
considerations is

dOP

dt
= kpP

�
OF (t)�OF (t� �p)e

���p
�
� �OP (t):

(A.3)
The equation for the OF dynamics can be derived

from Equations (A.2) and (A.3) as

dOF

dt
=

Kr

Kr +RA(t)

n
�O � kpP

�
OF (t)�

OF (t� �p)e
���p

�o
� �OF (t):

(A.4)
The term Kr=

�
Kr + RA(t)

�
in the above equation

stands for the fraction of non-repressed operons,
while the term �O is the operon production rate,
which is such that balances dilution in order to keep
O constant.

B Parameter estimation

Bremer & Dennis [B.1] reported growth rates of E.
coli cultures under di�erent temperature and nutrient
conditions. These rates vary from 0:6 h�1 to 2:5 h�1.
Bliss [B.2] reports experimental results about the ki-
netics of tryptophan production in E. coli cultures. In
those experiments, the growth rate is 2:0� 10�4 s�1.
Here, we employ the smallest growth rate reported
by Bremer & Dennis [B.1],

� ' 0:6h�1 = 1:0� 10�2min�1;

because it is the most likely to correspond to bacte-
ria growing in minimal media (the experiments with
which we compare the model in Section 3).
Bremer & Dennis [B.1] further reported aver-

age steady-state concentrations of free mRNA poly-
merase molecules (P ) and free ribosomes (�) at
di�erent growth rates. From these data, P '

1250molecules=cell and � ' 1400molecules=cell for
the growth rate considered here. E. coli are rod-like
bacteria 3 � 5�m long and 0:5�m in diameter, so
they have volume in the range from 6:0� 10�16 liters
to 9:8 � 10�16 liters. Taking a mean volume of
8:0 � 10�16 liters, the average molar concentrations
of free mRNA polymerase molecules and ribosomes
are calculated to be:

P ' 2:6�M;

and
� ' 2:9�M:

From Gunsalus et al. [B.3], the normal concentra-
tion of aporepressor (RI) in a tryptophan free culture
medium is:

RI ' 375molecules=cell ' 0:75�M:

In normal E. coli, there is only one tryptophan
operon O per genome. E. coli cells can be genetically
manipulated by introducing plasmids of tryptophan
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operon so the number of them can be increased up
to a few hundred. In the present work, we consider
normal cells. When a given cell is undergoing DNA
replication, it generally has a complete and a second
partially assembled genome. In very rapid growing
cultures, it is possible to �nd two partially assembled
genomes in cells undergoing DNA replication. This
explains why the average genome equivalents per cell
is larger than one. According to Bremer & Dennis
[B.1] it is around 1:6. Therefore

O ' 3:32� 10�3�M:

Schmitt et al. [B.4] studied the activation of the
trp repressor by tryptophan. In this process, two
molecules of tryptophan bind the trp repressor in two
independent sites with identical aÆnities and no co-
operativity [12, 13, 14, 15]. The corresponding for-
ward and backward reaction rate constants were re-
spectively estimated by Schmitt et al. at physiologi-
cal temperature as:

kt ' 3:48� 102 �M�1min�1;

and
k
�t ' 2:1� 104min�1:

The dissociation constant of the tryptophan
repressor-operator complex Kr = k

�r=kr, was mea-
sured by Klig et al. [B.5], who report the value
Kr = 2:6 � 10�3 �M. Klig et al. also measured
the tryptophan repressor-operon complex degrada-
tion rate as

k
�r ' 1:2� 10�2min�1;

so kr is
kr ' 4:6�M�1min�1:

Anthranilate synthase is feedback inhibited when
two molecules of tryptophan bind each one of the
TrpE subunits. Caligiuri & Bauerle [11] studied this
process and concludes that Trp binding is cooperative
in the wild type enzyme, with a Hill coeÆcient of

nH ' 1:2:

They also estimated the forward (ki) and backward
(k
�i) reaction rates as

ki ' 1:76� 10�2 �M�1min�1;

and
k
�i ' 7:20� 10�2min�1:

Trp feedback inhibition of TrpE activity results in
approximately 50% inhibition of TrpE activity in cul-
tures growing in the minimal medium, which in turns

results in the trp operon being expressed twice what
it would be if there were no feedback inhibition [B.6].
In our model, the activity of anthranilate synthase
is proportional to the non-inhibited enzymatic con-
centration and its production rate is assumed to be
one half that of TrpE. Thus, the above mentioned ex-
perimental fact may be interpreted as that one half
of the anthranilate synthase pool is feedback inhib-
ited by tryptophan in cultures growing in the mini-
mal medium. This is also asserted by Bliss et al. [4].
From this and Equation (5) of table 2, which de�nes
the relation between the concentration of active en-
zymes (EA) and the total enzymatic pool (E), the
Trp concentration for bacteria growing in the mini-
mal medium can be calculated as

T =
k
�i

ki
' 4:1�M:

In this model, we take the normal steady-state con-
ditions to be those of the bacterial culture growing in
the minimal medium. Based on this, T is the normal
steady tryptophan concentration.
From the data reported by Draper [B.7], the trans-

lation initiation rate k� is estimated to be in the range
from k� ' 60�M�1min�1 to k� ' 600�M�1min�1.
Further, eÆcient mRNA's have been observed to ini-
tiate translation every 3 s = 5:0�10�2min [B.7]. This
implies that

�� ' 5:0� 10�2min:

Given that initiation is the rate-limiting step of
translation [B.7], we must have k�� ' ��1

� . From
this, we estimate the value of k� to be

k� =
1

���
' 6:9�M�1min�1:

Mulligan et al. [B.8] measured transcription ini-
tiation rates for several operons. The values they
report range from 0:43�M�1 to 3; 420:0�M�1. To
estimate a proper value for kp, we use the fact that
tryptophan operon allows transcription initiation ev-
ery 6 s = 0:1min [B.9]. From this, the time delay �p
is

�p ' 0:1min:

Initiation is also the rate limiting process for tran-
scription. i.e. kpP = ��1

p . Thus, kp can be alter-
nately estimated as

kp =
1

�pP
' 3:9�M�1min�1:

The TrpE polypeptide is 520 amino acids long.
This means that the length of the trpE gene is 1560
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nucleotides long. On the other hand, Bremer & Den-
nis [B.1] report a mRNA chain elongation rate of
about 39Nucleotides=second at the growth rate con-
sidered here. From this, �e can be estimated as

�e ' 0:66min:

Functional half-lives for di�erent kinds of mRNA

have been reported [9]. They range from 40 s to
20min. These imply degradation rates in the range
from 3:5 � 10�2min�1 to 1:03min�1. Bliss et al.

[4] consider a degradation rate of 0:96min�1. Here,
we estimate the mRNA degradation rate by mak-
ing use of the experimental fact that under normal
conditions, around 30 ribosomes are bound to a sin-
gle mRNA [B.9]. The binding rate for ribosomes
should then be about 30-fold bigger than that for
D-enzymes. The ribosome binding rate can be esti-
mated as �k�. Therefore

kdD '

�k�

30
' 0:6min�1:

The assumption of constant repressor concentra-
tion can be read as R = RI+RA. This and Equation
(6) of Table 2, which determines the concentration of
active repressor molecules, permit the estimation of
the total repressor concentration as

R =
Kt + T

Kt

RI

' 0:8�M;

as well as the active repressor steady-state concentra-
tion as

RA =
T

T +Kt

R

' 5:09� 10�2 �M;

where Kt = k
�t=kt.

Landick et al. [B.10] note that under excess tryp-
tophan conditions, 85% of the mRNAP's initiating
transcription halt due to transcriptional attenuation.
There is also evidence that transcriptional attenua-
tion is only released under severe tryptophan starva-
tion. The function

A (T ) = b
�
1� e�T (t)=c

�
;

with
b ' 0:85

and
c ' 4:0� 10�2 �M;

satis�es those experimental observations.
Following Bliss et al. [4] and Sinha [5], we take

the enzyme degradation rate  to be approximately

zero, since according to their estimations, it is much
smaller than other terms like the growth rate:

 ' 0min�1:

From the equations that govern the evolution of
OF (Equation (1) of Table 2) the steady-state con-
centration of free operon controlling sections is

OF =
�

kpP
�
1� e���p

�
+ �

Kr +RA(T )

Kr

O

' 1:54� 10�4 �M:

The normal concentration of free TrpE-related ri-
bosome binding sites can be estimated from the
steady state solution of the equation for dMF =dt
(Equation (3) of Table 2) as

MF =
kpPe

���m
�
1�A(T )

�

k��
�
1� e����

�
+ kdD + �

OF

' 3:78� 10�4 �M:

The steady-state concentration of anthranilate syn-
thase enzyme can be calculated from the equation for
dE=dt = 0 (see Equation (4) of Table 2):

E =
k��e

���e

2( + �)
MF ' 0:378�M:

According to Bliss et al. [4], the internal con-
sumption rate of tryptophan can be modeled using
a Michaelis-Menten type relation:

g
T

T +Kg

:

They also assert that Kg is about or less than one
tenth of the normal Trp concentration. Following this
we have

Kg ' 0:2�M:

The constant g stands for the maximum tryptophan
consumption rate. The rate of tryptophan consump-
tion under normal conditions can be estimated by
noting that tryptophan is primarily consumed in the
assembly of proteins. Bremer and Dennis [B.1] report
that the average cell dry weight at the growth rate
considered in this work is 148 � 10�9 �g. By multi-
plying by the growth rate (! ' 1� 10�2min�1) and
dividing by the average cell volume (8� 10�16 liters)
we get the protein production rate estimated as
1:85 g liter�1min�1. Since 20 to 25% of the cell dry
weight corresponds to protein mass, and noting that
tryptophan accounts for around 1% of this dry weight

3



[4], the tryptophan consumption rate under normal
conditions is

g
T

T +Kg

' 4:63� 10�3 g liter�1min�1

' 22:7�Mmin�1:

This permits us to estimate g by solving for it in
terms of T , and KG:

g ' 25:0min�1:

E. coli are capable of eÆciently transporting tryp-
tophan from its environment. To achieve this, E.

coli synthesize three tryptophan permeases. Two of
them are speci�c, whereas the other also transports
phenylananine and tyrosine [16]. The expression of
the operons that encode these enzymes is dependent,
in general, on the tryptophan and tryptophan repres-
sor concentrations. Furthermore the tryptophan per-
meases may also play the role of maintaining a high
intracellular tryptophan concentration when there is
no source of extracellular tryptophan. According to
Drozdov-Tikhomirov & Skurida [B.11], the trypto-
phan uptake rate can be modeled by the following
equation in terms of the internal and external (Text)
tryptophan concentrations.

F (T; Text) = d
Text

e+ Text [1 + T (t)=f ]

The value of parameters e and f was also estimated
by Drozdov-Tikhomirov & Skurida as

e ' 0:9�M;

and
f ' 380�M:

Parameter d can be estimated from the experimental
fact that for bacteria growing in a media with a high
tryptophan concentration (where the Trp uptake rate
is approximately d), the enzyme activity is about one
tenth of the activity corresponding to the minimal
medium [17]. The value of d compatible with this
experimental result is:

d ' 23:5�Mmin�1:

The tryptophan production rate constant K can
be estimated from the steady state equation for
dT=dt = 0 (see Equation (9) of Table 2 and notice
that F (T; 0) = 0) as

K =
G(T ) + �T

EA(E; T )
' 126:4�M�1min�1:
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